RIGIDITY OF THE CANONICAL ISOMETRIC IMBEDDING OF THE
SYMPLECTIC GROUP Sp(n)

YOSHIO AGAOKA AND EIJI KANEDA

ABSTRACT. In this paper, we discuss the rigidity of Sp(n) as a Riemannian submanifold
of M (n,n;H). We prove that the inclusion map fo, which is called the canonical isometric
imbedding of Sp(n), is rigid in the following strongest sense: Any isometric immersion
f1 of a connected open set U(C Sp(n)) into R’ (2 M(n,n;H)) coincides with fo up
to a euclidean transformation of R4"2, i.e., there is a euclidean transformation a of R

satisfying f1 = afo on U.

INTRODUCTION

The subject of this paper is to prove the rigidity of the symplectic group Sp(n) as a
Riemannian submanifold of the space of matrices over the field of quaternion numbers.
Let M (n,n;H) be the space of n x n-matrices over the field H of quaternion numbers.
Considering M (n,n; H) as a real vector space, we define a bilinear form v on M (n,n; H)
by setting
v(X,Y) = Re(Trace("'XY)), X,Y € M(n,n;H).

It is easily seen that v defines an inner product on M (n,n;H). With this inner product
v we can regard M(n,n; H) as the euclidean space R*”. The symplectic group Sp(n) is
given by a submanifold of M (n,n;H) consisting of all matrices g € M (n,n;H) satisfying
gtg = 'gg = I,, where I, is the identity matrix of degree n. The induced metric on
Sp(n), which is denoted by the same symbol v, is bi-invariant on Sp(n). The inclusion
map fo: Sp(n) — M(n,n; H) = R*’ gives an isometric imbedding of the Riemannian
manifold (Sp(n),v) into R and is called the canonical isometric imbedding of Sp(n)
into R (cf. Kobayashi [17]). In this paper we will discuss the rigidity of the canonical
isometric imbedding f.

Let M be a Riemannian manifold and let f be an isometric imbedding of M into
the euclidean space RY. By definition f is called strongly rigid when f is rigid even if
we restrict f to any connected open set of M, i.e., for any isometric immersion f’ of a
connected open set U (C M) into RY there exists a euclidean transformation a of RY
satisfying f' = af on U. In [8] and [9] we showed that the canonical isometric imbeddings
of the quaternion projective plane P?(H) and the Cayley projective plane P2(CAY) are
strongly rigid.
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Concerning the canonical isometric imbedding fo of Sp(n) into R4, the following

results are known:

(1) In the case where n = 1, fo is just the standard isometric imbedding of S3 (&
Sp(1)) into R* with radius 1, which is a typical example of isometric imbeddings
with type number 3. Accordingly, by Allendoefer [12] f¢ is known to be strongly
rigid.

(2) By investigating the Gauss equation of Sp(2) in codimension 6 (for the definition,
see §2 below), Agaoka [1] showed that the set of solutions of the Gauss equation is
composed of essentially one solution, i.e., any solution is equivalent to the second
fundamental form of f,. Utilizing this fact, Agaoka proved that f, is strongly
rigid when n = 2.

(3) Kaneda [15] proved that fo (n > 1) is globally rigid in the sense of Tanaka [19],
i.e., if two differentiable maps f; (i = 1,2) of Sp(n) into R*"” lie both near to fo
with respect to C®-topology, and if they induce the same Riemannian metric on
Sp(n), then there is a euclidean transformation a of R*** such that fs = af;.

(4) By determining the pseudo-nullity of Sp(n)(n > 1), Agaoka-Kaneda [4] proved
that R*’ is the least dimensional euclidean space into which Sp(n) can be locally
isometrically immersed. (For the definition of the pseudo-nullity, see §1.) In other
words, Sp(n) (n > 1) cannot be isometrically immersed into R*** 1 even locally.

In this paper, we will extend these results (1) ~ (4) in the following strongest sense:

Theorem 1. Let fo be the canonical isometric imbedding of the symplectic group Sp(n)
into the euclidean space R*” . Then fo is strongly rigid, i.e., for any isometric immersion
f of a connected open set U (C Sp(n)) into R there is a euclidean transformation a of
R satisfying f = afo on U.

It should be noted that Sp(n) (n > 1) are the first example that the canonical isometric
imbeddings of a series of Riemannian symmetric spaces parametrized by the rank are
strongly rigid. The method of our proof is quite similar to the methods adopted in 8]
and [9]. We first make a preparatory study on pseudo-abelian subspaces of sp(n), which is
the Lie algebra of Sp(n). Utilizing the knowledge about the pseudo-abelian subspaces of
maximum dimension, we determine the set of all solutions of the Gauss equation of Sp(n)
in codimension 2n?—n (= 4n*—dim Sp(n)). Under this situation, it will be shown that the
set of solutions is composed of essentially one solution, i.e., any solution is equivalent to
the second fundamental form of f,. Therefore by the theorem of coincidence (Theorem 5
of [8, pp-335-336]) we can establish our rigidity theorem of Sp(n) (Theorem 1).

Throughout this paper we will assume the differentiability of class C'*°. For the no-
tations of Lie algebras and Riemannian symmetric spaces, see Helgason [14]. For the
quaternion numbers and the symplectic group Sp(n), see Chevalley [13].
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1. THE PSEUDO-NULLITY OF Sp(n)

In this section we study the pseudo-nullity of Sp(n). We first recall the notion of a
pseudo-abelian subspace (precisely, see [3]). Let G be a compact simple Lie group. Let g
be the Lie algebra of G and h be a Cartan subalgebra of g. A subspace W C g is called
pseudo-abelian with respect to b (or simply, pseudo-abelian) if it satisfies [W, W] C h. The
maximum dimension of pseudo-abelian subspaces, which does not depend on the choice
of a Cartan subalgebra b, is called the pseudo-nullity of G and is denoted by pg. The
pseudo-nullity of the symplectic group Sp(n) has been already determined:

Theorem 2 (see [4]). For the symplectic group G = Sp(n) (n > 1), the pseudo-nullity is
equal to 2n, i.e., Pspm) = 2n.

In what follows we determine the pseudo-abelian subspace W of sp(n) which attains
the maximum dimension, i.e., dim W = pg,n) = 2n. First recall the field of quaternion
numbers: Let R be the field of real numbers. The field H of quaternion numbers is an
algebra over R generated by the elements €°, e!, €2 and e? satisfying

(1) % =¢ee® =€ (1 =0,1,2,3);
(2) (e)2=—€® (1 =1,2,3);
(3) For each permutation {i, j, k} of {1,2,3} it holds e’e’ = £(ijk)eF, where £(ijk) = 1
(resp. €(ijk) = —1) if {7, 4, k} is an even (resp. odd) permutation.
From (1) we can see that €® is a unit element of H. Let us simply express the element
ae’ (a € R) as a. In this meaning R is contained in H and forms a subfield of H.

Let f € H. Then f may be written in the form f = f0+2§:1 fie*, where fy, fi, f2, f3 €

R. As usual we define the real part and the conjugate of f as follows: Re(f) = fo;

f=fo—32_, fie". Then we have Re(f) = Re(f), ff = ff =3, f?. Moreover:
Re(fh) = Re(hf), fh=hf, f,heH

Let 7 = 1, 2 or 3. Define a subset C* of H by C' = R + Re’. It is easily seen that
C' forms a subfield of H and is isomorphic to the field C of complex numbers. We also
define a subset I of H by I = Re/ + ReF, where j and k are so chosen that {7, 7, k} is a
permutation of {1,2,3}. Then it is clear that

CD =DC =D; DD = C.

In the following we denote by M(p,q;H) the space of p x g-matrices over H. As
stated in Introduction, the symplectic group Sp(n) is considered as a submanifold of
M(n,n;H) = R*”. As usual, we identify the tangent space of Sp(n) at the identity
I, € Sp(n) with the Lie algebra sp(n), which is consisting of all matrices X € M(n, n; H)
satisfying X = —X. Let us denote by E,; (1 < s, ¢t < n) the matrix of M(n,n;H) such
that the (s,?)-component is 1 and the others are 0. We define subspaces h(n)* and p(n)"
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of sp(n) by i i

bin)' =) Re'E,;  p(n)'=> DE,.
As is well-known, h(n)® is a CarTa; subalgebra of sp(n) .Szl\l/loreover:

Proposition 3. Let i = 1, 2 or 3. Then, p(n) is pseudo-abelian with respect to h(n)
with CllIIl]J(’I’L)Z = DSp(n)-

Proof. It is clear that dimp(n)’ = 2n. Let X = Y usEy, YV = > 0By € p(n),
where u,, v, € D'. Then, since E,,Fs, = E,; and E, Egy = 0(s # '), we have [X,Y] =
>, (usvs—vsus) Ess. Since ug, vs € IV, it follows that u,vs, vsus € C* and u,vs—vsus € Re'.

Hence [X,Y] € h(n)?, proving [p(n), p(n)’] C h(n)*. O

Further, the space p(n)* is the only pseudo-abelian subspace with respect to h(n)¢ of
dimension pgp(n). In fact, we have

Theorem 4. Let i =1, 2 or 3. Let W be a pseudo-abelian subspace with respect to h(n)
satisfying dAim W = pgp(ny. Then W = p(n)".

In the rest of this section we prove this theorem. Let X =" {4 FEy € M(n,n; H). We
denote by z, = ({1, -+ , &) € M (1, n;H) the p-th row of X and by 29 = *(&14,- -+ ,&ng) €
M (n,1;H) the g-th column of X. Then we may write

T

As is easily seen, X € sp(n) if and only if
‘T, +2* =0 (1<p<n). (1.1)
Let X = (z',...,2"), Y = (y',...,y") € sp(n). Then [X,Y] € h(n)" if and only if the
following conditions are satisfied:
(a”,9%) = (¥",2") (1<p<qg<n) (1.2)
(z",y") eC (1<r<n), (1.3)

where (, ) denotes the inner product of M(n,1;H) defined by (5,77) =t for &, n €
M (n,1;H). Then we note the following formula:

&n) =8, (&fin)=F(En), (Enf)=(&En)f, feH (1.4)

Now we start the proof of Theorem 4 by induction on n. First consider the case
n = 1. In a natural way we identify M (1,1;H) with H. Then by (1.1) we know that
w = ag + 2321 a;je’ € H belongs to sp(1) if and only if @y = 0. Let W be a pseudo-
abelian subspace of sp(1) with respect to h(1)* with dim W = 2. Suppose that W # D’.
Take a basis {w,w'} of W such that w € D, i.e., w is an element written in the form
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w = 23:1 a;je’, where a; # 0. By subtracting a scalar multiple of w from w’ if necessary,
we may assume that w' € D'. Then we have ww' = (3, a;¢’ )w'+a;ew’, (3, a;67)w' €
C' and a;efw’ € I'. On the other hand, by (1.3) we have ww' = —ww’ € C'. This is
impossible because a;e'w’ # 0. Hence we have W = If = p(1)*, showing that Theorem 4
is true when n = 1.

We now assume that n > 2 and Theorem 4 is true for any n’' (1 < n’ < n). For
simplicity, we regard sp(s) (1 < s < n) as a subalgebra of sp(n) in the following manner:

sp(s) 2 X — ()0( 8) € sp(n).

Let W be a pseudo-abelian subspace of sp(n) with respect to h(n). As in [4] we define
an ascending chain of subspaces

O=WocCcWyCcWyC---CcW,=W

by setting W, = sp(r) N W (1 < r < n). (Note that the numbering of the above chain is
the reverse order of that in [4, p.79].) It is obvious that W, is a pseudo-abelian subspace
of sp(r) with respect to h(r):. Put

Cr={z" € M(n,;H)|(z",...,2",0,...,0) e W,} (r=1,...,n).
Then it is clear that C, = W, /W, 1 (1 <r <n)and dimW =¢; +-- -+ ¢,, where we set
¢ =dim C, (1 <r < n). Moreover, by (1.2) and (1.3) we have
(Cp,Cy) =0 (1<p<g<n), (1.5)
(Cr,Cy) CC (1< r<n). (1.6)
The above equalities (1.5) and (1.6) will play decisive roles in the proof of Theorem 4.
By CE (1 < r < n) we denote the right H-subspace of M (n,1;H) generated by C,. Set
k., = dimg C¥ (1 < r < n). Then, in view of (1.5) and (1.4) we have
chc)=0 (1<p<q<n). (1.7)
Utilizing (1.6) and (1.7), we have proved in [4] the following

Lemma 5 (see [4]). Under the setting stated above the following (1) and (2) hold:

(1) ki 4+ k&, <n.
(2) ¢ <2k, (1<7r<n).

In particular, if dim W = pgpn) (= 2n), then ky +-- -+ k, =n and ¢, = 2k, (1 <r < n).

In what follows we assume that W is a pseudo-abelian subspace with respect to h(n)"
satisfying dim W = pgp(n). Let us define an R-linear endomorphism & — { of M(n,1;H)
by setting & = by, o &0 1,0) for £ =4(&,. .., &) € M(n,1;H). Let C,, be the image of
C,, by this endomorphism. We first prove
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. —~H
Lemma 6. k, > 1 and dimy C,, <k, — 1.

Proof. Suppose that &k, = 0. Then we have C,, = 0 and hence W = W,,_;. Therefore, in
a natural way W may be regarded as a pseudo-abelian subspace of sp(n — 1) with respect
to h(n — 1)’. This implies dim W < pg,-1) = 2(n — 1), contradicting the assumption
dim W = 2n. Consequently, we have k, > 1. Let £ € C, and n € C; + -- -+ C},_1. Since
n is written as n = *(n,...,M._1,0), we have (E, n) = (&mn) = 0 (see (1.5)). Hence we
have (5;,01 + -+ + Ch_y) = 0. Viewing (1.4), we have (@H,C}H +---+CL) =0.
Since both @;H and C + -- -+ C™ | may be regarded as subspaces of M(n —1,1;H), we
have dimy E;*VnH <n—-1—(k+---+kn1) (see (1.7)). Therefore by Lemma 5 we obtain
dimg Gy, < ky — 1. O

Let C! be the subset of C, consisting of all *(¢y,...,&,) € C, such that the n-th
component &, € DF, ie., C' = {#(&,...,&) € Cn| &, € D). Clearly, C!, is a subspace of
Cy. We denote by C! the image of C} by the endomorphism £ — £. Then we can show

Lemma 7. dimC), > 2k, — 1 and dima’2 < 2(k, —1).

Proof. First we note that &, € Re’ + D' holds for any & = (&,...,&,) € C,. Indeed,
&, is the (n,n)-component of a certain matrix X € sp(n) (recall the definition of C,).
Consequently, we have dimC] > dimC, —1=¢, — 1 =2k, — 1.

We next prove the second inequality. Let £ = (&, ...,&,) € Ch and n="(mp,...,m,) €
C!. Then we easily have (Zf, M) = (&n) — &na- Since (§,1) € C (see (1.6)) and &1y €
DD = C, it follows that (§N, 1) € C'. This proves (@7’1,5;) C C'. By this fact we can
deduce that EJZmE*ZLeJ' = 0for any j (=1, 2, 3) such that j # 7. In fact, if there is an element
€ 5:’1 such that e/ € 6’2, then we have C' > (E, gej) = (E, g)ej € C'e¢ = I'. Since
C'NDF =0, it follows that (E, E) =0, i.e., £ = 0. Thus, we know that 6‘71 + BZej (C 5;151)
is a direct sum if j # 7. Consequently, we have 2dim6’2 < 4dimpg EJT,H < 4(k, — 1), i.e.,
dimaz < 2(k, — 1) (see Lemma 6). This completes the proof of the lemma. O

With the basis of Lemma 7 we can show

Lemma 8. Let D, be the kernel of the linear mapping C,, > £ — ge avn Then:
(1) D, = {40,...,0,w) € M(n,1;H)|w € D*}.
(2) C, C C,.
(3) Cn = D, + C, (direct sum); dimC,, = ¢, — 2.

Proof. By Lemma 7 we have dim C;, —dim 5;’1 > 2k, —1—2(k,—1) > 0. This implies that
D, NCJ, # 0. Let £ be a non-trivial element of D, N C}. Then, by the definitions of D,
and C!,, we know that £ may be written as £ = (0, ...,0,w), where w € D' (w # 0). Let
n="*(n,...,n,) be an arbitrary element of C),. Then by (1.6) we have ({, n) = wn, € C.
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Hence we can easily show that 7, € D' (see the proof for the case n = 1). Accordingly,
n € C} and hence C] = C,,. Therefore, we have

dim D,, = dimC,, — dim C,, = dimC, — dim C", > ¢, — 2(k, — 1) = 2.

On the other hand, since D, C C, = C!, we have D, C {¥(0,...,0,w)|w € D'} and
hence dim D,, < dimD* = 2. This, together with the above inequality, proves dim D,, = 2
and D,, = {¥(0,...,0,w)|w € D'}. Thus we obtain (1).

Let ¢ = (¢1,...,(,) € M(n,1;H) be an arbitrary element of C,. Since C, = C!,
we have ¢, € D’ and hence ¢’ = %0,...,0,(,) € D, C C,. Consequently, ¢ =
"¢,y Gu1,0) = ¢ = (" € C,, showing (2). The assertion (3) immediately follows

from (1) and (2). O
With these preparations we can show
Lemma 9. cN*n = 0. Accordingly, C,, = D,,.

Proof. We first prove
C,NC,eé = 0. (1.8)

Suppose that there is an element §~= P&, .., €n1,0) € C,, such that fNei € C,,. Note that
C, C C, (see Lemma 8 (2)). By the definition of C,, we know that there are matrices X
and Y € W written in the form

= (59 = ().
—t¢ 0 ete 0

where X', V' € sp(n — 1) and & = “(&,...,& 1) € M(n — 1,1;H). Take an integer
j (= 1,2,3) such that j # 7. Since ¥(0,...,0,¢’) € D, C C,, we know that there is an

element Z € W of the form
!
7 = z 0. ,
0 €

where Z' € sp(n — 1). Since W is a pseudo-abelian with respect to h(n)!, we have
[X,Z] € b(n)" and [Y, Z] € b(n)’. Hence by a direct calculation we can show

Z'¢ = ¢'el; Z'(E'e") = (€eh)e. (1.9)
By the second equality of (1.9) we have (Z'¢')e! = &'(e'e?) = —&'(ee!) = —(£'e?)e’ and
hence Z'¢' = —¢'e’. This, together with the first equality of (1.9), proves Z'¢' = £'e/ = 0.
Hence we have £ = 0, i.e., E: 0. This implies (1.8). As a result of (1.8), the subspace
Cp+Chet (C 6;1131) is a direct sum. Since dim C,, = ¢, —2 = 2(k,—1) (see Lemma 8 (3) and
Lemma 5), it follows that dimg 5;]31 > 2dim5; = 4(k, — 1). Hence we have dimp 5;]141 =
(1/4) dimg 5:91 > k, — 1. On the other hand, we have dimg 5;]]31 < kp —1 (see Lemma 6).
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—~H —~H — - .

Therefore, we obtain dimgC,, =k, — 1 and C,, = C,, + C,e’'. More strongly, we can
—~ ~H @~ @~ .

prove C, = 0. In fact, since C,, = C, + C,e’, it follows that

(Cu',Cn') C (Cu,Ca) + (Cu',Co) + (G, Cu) + (Cr', Cr).

If bvn # 0, then it is easy to see that (@H, 5:[{) = H. However, the right side of the above
inclusion is contained in C', because (5;,5;) C (Cn,Cn) C C' (see Lemma 8 (2) and
(1.6)), (bvnei,@) c eC = C, (5,;,5;6“') C Ce* = C and (@ei,bvnei) C eCel = C
(see (1.4)). This is a contradiction. Hence we have C, = 0. The equality C,, = D,, now
follows immediately. O

Proof of Theorem 4. By Lemma 9 and Lemma 8 (3) we have ¢, = 2k, = 2. Hence,
W,_1, which is a pseudo-abelian subspace of sp(n — 1) with respect to h(n — 1)¢, satisfies
dimW,_1 =c1 + -+ cp1 = 2(n — 1) = pspm—1)- Therefore, by the hypothesis of our
induction we know that W,_; = p(n — 1)*. From this fact we can deduce W = p(n)*. In
fact, let X be an arbitrary element of W. Then X may be written as X = (' 0 ), where
X' € sp(n—1), w € IV (see Lemma 9 and Lemma 8 (1)). Since [X,W,,_1] C bh(n)?, it
follows that [ X', p(n—1)¢] C h(n—1)*. Hence we have X' € p(n—1)*, because p(n—1) is
a maximal pseudo-abelian subspace of sp(n — 1) with respect to h(n — 1)’. Consequently,
we have X € p(n)® and W = p(n)’, which completes the proof of Theorem 4. O

2. THE GAUSS EQUATION OF Sp(n)

Let M be a Riemannian manifold. We denote by g the Riemannian metric of M and
by R the Riemannian curvature tensor of type (1,3) with respect to g. Let x € M and
let T,(M) (resp. T;(M)) be the tangent (resp. cotangent) vector space of M at x. Let
r be a non-negative integer. We define a quadratic equation with respect to an unknown
U e S?°TH(M) @ R™ by

where X, Y, Z, W € T,(M) and <, > is the standard inner product of R". We call

(2.1) the Gauss equation in codimension r at z. The set of solutions of (2.1) is called the
Gaussian variety in codimension r at = and is denoted by G, (M, R").

Let O(r) be the orthogonal group of R". We define an action of O(r) on S?*T(M) QR
by

(pE)(X,Y) = p(¥(X,Y)), X,Y eT(M), peO(r). (2.2)

As is easily seen, if ¥ is a solution of (2.1), then p¥ is also a solution of (2.1) for any
p € O(r). We say that G,(M,R") is EOS if G,(M,R") # () and if G,(M,R") is composed
of essentially one solution, i.e., for any solutions ¥; and ¥, € G, (M,R") there is an
element p € O(r) such that ¥y, = p¥;.
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In the following we consider the case where M is the the symplectic group Sp(n)
endowed with the bi-invariant metric v, which is induced from the inclusion Sp(n) C
M(n,n;H). As usual we identify the tangent space of Sp(n) at the identity I, with
the Lie algebra sp(n). We denote by (, ) the inner product of sp(n) induced from v at
I,. The curvature transformation Ry(X,Y) (X,Y € sp(n)) of Sp(n) at I, is given by
Ro(X,Y) = —fad ([X,Y]) (see [14]). Hence at I, the Gauss equation (2.1) is written as

%([[X, Y], Z|,W) =(¥(X,2),8(Y,W)) — (B(X,W), ¥(Y, Z)), (2.3)

where ¥ € S%(sp(n)*) @ R" and X,Y,Z, W € sp(n). We simply denote by G(Sp(n),R")
the Gaussian variety in codimension r at [,,. The main aim of this and the subsequent
sections is to prove

Theorem 10. For any positive integer n the Gaussian variety G(Sp(n), R2”2_”) in codi-
mension 2n? —n is EOS.

By homogeneity, we know that the Gaussian variety G,(Sp(n), R ~") in codimension
2n* —n is EOS at each z € Sp(n). By this result we conclude that Sp(n) is formally rigid
in codimension 2n? — n. (For the definition of formal rigidness, see [8].) Accordingly, by
Theorem 5 of [8] we can establish the rigidity theorem of Sp(n) (Theorem 1).

In the following we will prove Theorem 10 by induction on n. As we have stated in the
introduction, if n = 1, then Sp(1) = S3 and the canonical isometric imbedding f is the
inclusion map of the standard sphere S® with radius 1 into R*. The second fundamental
form ¥, of fo at £ € S? is given by ¥, = —vz. Hence f, is a typical example of an
isometric imbedding with type number 3. By applying the theory of type number in [12]
or by a direct calculation we know that any solution ¥ of the Gauss equation of S? in
codimension 1 can be represented by ¥ = £W¥,. Therefore we get Theorem 10 for the
case n = 1. For this reason we may assume n > 2 in the following discussion.

Remark 11. It should be noted that in case n > 2 the theory of type number in [12] is
not applicable to the canonical isometric imbedding fo of Sp(n). In fact, for an isometric
imbedding f of a Riemannian manifold M into the euclidean space R™, the type number &
of f must satisfy the inequality £ < dim M/(m —dim M) (see [18] or [16]). Consequently,
in the case of fy, we can easily show that & < 2 when n > 2.

Now let 9t(n) be the subspace of M (n,n;H) composed of all X € M(n, n;H) satisfying
tX = X. Clearly, we have dim(n) = 2n? — n and

M(n,n; H) = sp(n) + 9(n) (orthogonal direct sum).

As is easily seen, 91(n) is the normal vector space of the canonical isometric imbedding
fo at I,. The second fundamental form ¥ of f; at I, is an element of S*(sp(n)*) ® N(n)
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given by

U, (X,Y) = %(XY +YX), X,Y €sp(n) (2.4)
(see [15, p.370]). Under a natural identification ((n),v) = (R*** ", (,)) as euclidean
vector spaces we can regard the unknown ¥ in the Gauss equation (2.3) in codimension
2n? — n as an element of S%(sp(n)*) ® 9(n). (In what follows, the inner product v of
M(n) will be denoted by (, ).) Therefore the Gaussian variety G(Sp(n), R*"*~") may be
considered as a subset of S%(sp(n)*) ® M(n). In this meaning we write G(Sp(n), R )
as G(Sp(n),M(n)). Then ¥y may be considered as an element of G(Sp(n),9(n)), which
is called the canonical solution of the Gauss equation (2.3) in codimension 2n% — n. Now
Theorem 10 may be stated in the following way: Any solution ¥ € G(Sp(n),MN(n)) of the
Gauss equation (2.3) is equivalent to ¥, i.e., there is an element p € O(9t(n)) such that
¥ = p¥,, where O(N(n)) stands for the orthogonal group of N(n).

3. THE SPACE Kg(X)

In this section we assume that n > 2. Let ¥ € S%(sp(n)*)®9(n) and let X € sp(n). We
define a linear mapping Wy : sp(n) — N(n) by setting Tx (V) = ¥(X,Y) (Y € sp(n)).
By K¢ (X) (C sp(n)) we denote the kernel of ¥ x. In this section we investigate the kernel
K g (X) for a solution ¥ of the Gauss equation (2.3), i.e., ¥ € G(Sp(n),MN(n)). As in the
case of P%(H) or P?(CAY), the knowledge about K¢ (X) will play an important role to
determine the solutions of the Gauss equation (2.3) (cf. [8] and [9]).

Let X € sp(n). By C(X) we denote the centralizer of X in sp(n). Then we have

Lemma 12. Let ¥ € S?(sp(n)*) ® N(n) and X € sp(n). Then:
(1) dimKg(X) > 2n.
(2) If ¥ € G(Sp(n),MN(n)), then [Ke(X),Ke(X)] C C(X).

Proof. Since
dim K ¢ (X) > dim Sp(n) — dim M(n) = (2n® + n) — (2n®> — n) = 2n,
we get (1). Assume that ¥ € G(Sp(n),M(n)). Then by (2.3) for each Y € sp(n) we have

([ 2 (X), Ke (X)), X],Y]) C (¥(Ke(X), X), ¥(Kg(X).Y)) = 0.
Consequently, we have [[K #(X),Kg(X)], X] =0. The assertion (2) immediately follows
from this equality (cf. [10, Lemma 3]). O

Let X € sp(n). Since sp(n) is a compact simple Lie algebra, we know that dim C'(X) >
rank(sp(n)) = n. We recall that an element X € sp(n) is called regular (resp. singular) if
dim C(X) = n (resp. dim C(X) > n).

Lemma 13. Let ¥ € G(Sp(n),N(n)) and H € h(n)* (1 = 1,2,3). Then Kg(H) D p(n)’.
If H is regular, then the equality K¢ (H) = p(n)* holds.
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Proof. Let H € h(n)". Then by Lemma 12 (2) we have [K¢(H),Kg(H)] C C(H).
Assume that H is regular. Then, since C'(H) = h(n)*, we have [Kg(H), K¢ (H)] C b(n)‘.
This implies that K g (H) is a pseudo-abelian subspace with respect to h(n). Therefore we
have dim K¢ (H) < pgpn) = 2n (see Theorem 2). On the other hand, since dim K (H) >
2n (see Lemma 12 (1)), it follows that dim Kg(H) = 2n. Hence Kg(H) = p(n)® (see
Theorem 4). Let H' € h(n)" be an arbitrary element. Note that regular elements are
dense in h(n)" and, as we have shown, ¥(H,p(n)’) = 0 holds for any regular element
H € h(n)'. Because of the continuity of ¥ we have ¥(H’,p(n)’) = 0. This shows that
Kg(H') D p(n)t. O

Let ® € S%(sp(n)*)®N(n) and let g € Sp(n). We define an element ¥9 € S%(sp(n)*)®
MN(n) by
(T9)(X,Y) = T(Ad(g )X, Ad(g)Y), X,V € sp(n). (3.1)

Then we can easily see the following

Lemma 14. Let ¥ € S%*(sp(n)*) ® N(n) and let g € Sp(n). Then:
(1) Kgs(X) = Ad(g)Ke(Ad(g7)X), X €sp(n).
(2) ¥ € G(Sp(n),N(n)) if and only if ¥ € G(Sp(n), N(n)).

Combining Lemma 13 with Lemma 14, we have

Proposition 15. Let ¥ € G(Sp(n),N(n)), X € sp(n) and g € Sp(n). Assume that
Ad(g9)X € b(n)! for some i (= 1,2,3). Then Kg(X) D Ad(g Y)p(n)'. Further, if X is
regular, then K¢ (X) = Ad(g')p(n)".

Proof. Note that ¥9 € G(Sp(n),MN(n)) (see Lemma 14 (2)). Applying Lemma 13 to
WY we have Kgs(Ad(g)X) D p(n)’. Therefore by Lemma 14 (1) we have p(n)' C
Kgs(Ad(9)X) = Ad(g)K¢(X). Consequently, Kg(X) D Ad(g')p(n)*. If X is regular,
then Ad(g)X is also regular. Accordingly, we have Kgs(Ad(g)X) = p(n)® and hence
Kg(X) =Ad(g)p(n)" O
Remark 16. Let ¥ € G(Sp(n),MN(n)). It is well-known that any element of sp(n) is
conjugate to an element of a Cartan subalgebra h(n)t. Therefore, for a regular element
X € sp(n) the space Kg(X) is determined by Proposition 15. Here we note that if X is
regular, then K¢ (X) does not depend on the choice of the solution ¥ € G(Sp(n), N(n)),
i.e., Kg(X)= Kg(X) holds for any ¥, ¥’ € G(Sp(n), N(n)).

In the following discussion, we will determine K¢ (X) for singular elements X € sp(n)
of special type. By Proposition 15 we immediately obtain

Proposition 17. Let ¥ € G(Sp(n),N(n)). Let i =1, 2 or 3 and X € sp(n). Denote by
G the subset of Sp(n) consisting of all g € Sp(n) such that Ad(g)X € b(n)t. Then:

Ko(X)D > Ad(g™)p(n)'. (3.2)

9eG%



12 Y. AGAOKA AND E. KANEDA

Let a, b and 7 are integers satisfying 1 < a # b < n, 1 <1 < 3. Define elements H!, P,
and @, € M(n,n;H) by

H, = Eue'; Puy=—Pu=FEaw— Ew; Qi = Qty = (B + Epa)e’.
Then it is easily seen that H:, P, Q% € sp(n) and
(H,i,HZ) = 0ubis; (H., Pa) = (H}, Zd) =0;
(Paby Pea) = 2(0acOba — Oaadee);  (Pap, Qlyg) = 0; (3.3)
( L id) = 2(8acObd + daddbe)0ij-

Therefore the set {H! (1 < a < n)} forms an orthonormal basis of h(n)* (1 < i < 3) and
the set {H! (1 <a<n,1<i<3), (1/V2)Pp(1<a<b<n), (1/V2)Q,(1<a<b<
n,1 <4 < 3)} forms an orthonormal basis of sp(n).

Let a, b and i are integers satisfying 1 < a # b < n, 1 < i < 3. Define a subspace s’,
by ¢, = R(H. — H}) + RP,; + RQ’,. By an easy calculation we have

[H,, = Hy, Pa) = 2Qq; [, — Hy, Qup) = —2Pup;
[Pas, Qup) = 2(H, — Hy).

This indicates that s’, forms a three-dimensional subalgebra of sp(n) and is not abelian.
Now we note the following lemma, which holds for any compact Lie algebra:

Lemma 18. Let s be a three-dimensional subalgebra of a compact Lie algebra g. Assume
that s is not abelian. Then, for any linearly independent elements Z, Z' € s, there is an
element g € exp(R[Z, Z']) (C exp(g)) such that Ad(g)Z = RZ".

Proof. Since g is compact, s is also a compact Lie algebra. Hence s may be represented
by a direct sum of its center and its semi-simple part. Note that any simple Lie algebra
is of dimension > 3. Under the assumption that s is not abelian and dims = 3, we know
that the center of s is trivial and that s is simple. Hence, s is isomorphic to the simple
Lie algebra su(2).

Let B be an ad (g)-invarinat inner product of g. Let Z, Z’ € 5. If Z and Z’ are linearly
independent, then it follows that [Z, Z'] # 0, because rank(s) = 1. Set ' = RZ + RZ".
Then we have B(s',R[Z, Z']) = 0, i.e., R[Z, Z'] is the orthogonal complement of ' in s
with respect to B. Indeed, we have

B(Z,2,2') = B(12,2),2") =0, B(Z',]2,7") =-B(Z,7'],2Z) = 0.

Similarly, we can prove B(ad[Z,Z'|(Z),[Z,Z']) = B(ad[Z,Z'|(Z"),[Z,Z']) = 0. This
means that s’ is invariant by ad[Z, Z']. Moreover, we have ad ([Z, Z'])Z" # 0 for any
Z" € ¢ with Z" # 0. Therefore, Ad(exp(R[Z, Z'])) forms a non-trivial subgroup of
rotations of s’ with respect to B. From this fact the lemma follows immediately. U
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In the following, we say a subalgebra s of sp(n) is NAT if s is non-abelian and dims = 3.
As we have seen, s¢, = R(H; — H}) + RP,, + RQ’, is NAT. For non-zero elements X and
Y € sp(n) we write X ~ Y if there is an element g € Sp(n) such that Ad(¢g)X € RY.
Apparently, ~ defines an equivalence relation in sp(n)\{0}. According to Lemma 18 if 5 is
NAT, then Z ~ Z' for any Z, Z' € 5\ {0}. For example, we have (H: — H}) ~ Py ~ Q%,.

For simplicity in the following discussion we set K(X) = Kg,(X). As in the previous
section we regard sp(s) (0 < s < n) as a subalgebra of sp(n). Then by easy calculations
we have

Ko(H;) = sp(n—1) + ) RH};
J#
KoH, ,+H)=sp(n—2)+> RH) | +> RH, +> RQ) .
J#i J#i J#i

(3.4)

Let ¥ be an arbitrary solution of the Gauss equation (2.3). By Remark 16 we know that
Kg(X) = K((X) holds for a regular element X € sp(n). We now extend this relation to

singular elements:

Proposition 19. Let ¥ € G(Sp(n), N(n)). Then for each i (= 1,2,3) it holds:
(1) Ke(Hy;) = Ko(Hy,).
(2) Ke(H,_, + H,) = Ko(H,_, + H,).

n n

Proof. Let Sp(n — 1) be the analytic subgroup of Sp(n) corresponding to the subalgebra
sp(n —1). Let g € Sp(n —1). Then it is easy to see that Ad(g)H: = H:. Hence by
Proposition 17 we have K¢ (H;) D 3 g, 1) Ad(g7)p(n)". Since h(n —1)7 (j # i) is a
Cartan subalgebra of sp(n — 1), any element of sp(n — 1) is conjugate to an element of
h(n —1)7 under the action of Sp(n — 1). Hence we have |J,cg,¢, 1) Ad(g~")b(n — 1)/ =
sp(n — 1). Since p(n)* D h(n — 1)/, we have K¢ (H!) D sp(n — 1). This, together with
Kg(H!) D p(n)', shows Kg(H.) D sp(n — 1) + p(n)’ = Ko(H.). We now show the
equality K¢ (H}) = Ko(H}). Take an element X € K¢ (H!)NKy(H:)*, where K(H:)*
is the orthogonal complement of Ko(H!) in sp(n). Then X can be expressed as

X:(O 6), EeM(n—1,1;H), ce R

—t¢ ce

Take j, k(= 1,2,3) so that {i,7,k} is an even permutation of {1,2,3}. Then since
X € Ky (H!) and H} € Kg(H!), we obtain by Lemma 12 the following

) ) 0 S P
0= [[X, Hi], H;] = (_ek . 45(;) -

Hence we have ¢ = 0 and ¢ = 0, i.e., X = 0. This proves Kg(H!) N Ko(H!)* =0, i.e.,
Ky (H,) = Ko(H,).
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Next we prove K‘p(H,Z \+H) =Ky(H._, + HY). As in the case of Kg(H!), we can
easily show that K¢ (H,_;+H,) D sp(n—2)+>, ,,RH, _+3,; ,,RH]. Take an element
Y € Kg(H} | + H}) such that (Y,sp(n—2)+ >, RH] | +3 ., ;RH]) = 0. Then Y

can be expressed as

0 &
Y=|-% o B, &neMmh-21H), o,yeRe, feH
' =B v

Take j, k(= 1,2,3) so that {4, 7, k} is an even permutation of {1,2,3}. Then by a direct
calculation have
0 —&ekF Fnek
[y, HZ—I + HZ], H;iz—l + Hfz] = | —€* tf —doe® B" )

Fet'n  —f" Fdyet
where 3' = +3e/ — I3, 3" = B¢t — e!8’. (Note that e/a = —ae?, ely = —yel, ela = ae’,
ey = el because a, ¥ € Re'.) Since Y € Kg(H! _,+H!)and H! |+ HJ € Kg(H!_, +
H'), we have [[Y, H? | 4+ Hi],H' _, + H'] = 0 (see Lemma 12). Hence we conclude that
E=np=0and a = v =0 and 87 = 0. From the equality f” = 0, we immediately
have B’ € C'. Further, from ' € C' we can easily conclude that 3 € D*. Thus we have
Y ey, ;RQ) ,, and hence Ky (H}, |+ H}) C Ko(H} |+ H}).

To complete the proof of (2) we have to show Kg(H,_, + H;) D>, RQ?_,,,. Take
(1 <j < 3)such that j # 4. Since s),_, , = R(H}_, —HJ)-HRPn 1 +RQL_, s NAT,
there is an element g € exp(RP,_1,,) such that Ad(¢)Q;,_,, € R(H!_, — H?) (C p(n)?)
(see Lemma 18). Moreover, since [P,_1,, H._; + H] = 0, we have Ad(g)(H._, + H’) =
H! 1+HZ € h(n), i.e., geGiHi S
Kg(H; +H}). Accordingly, it follows that K¢ (H}, 1+H;) D Y., RQ’ > completing
the proof of (2). O

nln

)- Therefore, by Proposition 17 we have @’

By S we denote the subset of sp(n) consisting of all non-zero elements X € sp(n) such
that X ~ H! or X ~ H! | + H! for some i (= 1,2,3). We note that each element X € S
is a singular element of sp(n), because H’ and H , + H! are singular elements of sp(n).

By use of Proposition 19 we can prove

Proposition 20. Let ¥ € G(Sp(n),N(n)). Assume X € S. Then Kg(X) = Ky(X).

Proof. Let g € Sp(n). Then we have ¥J and ¥ € G(Sp(n), N(n)) (see Lemma 14 (2)).
By applying Proposition 19 to ¥9 and ¥§, we have
Kygs(H,) = Ko(H,) = K g3(H,);
Ky (HTiL—l + H:),) = KO(H:'L—I + H:z) = K‘I’g(H'riL—l + H:),)

for any i (= 1,2,3). Now assume that X € S and that g is an element of Sp(n) such
that Ad(g)X € RH: or Ad(g)X € R(H!_, + H:). Then by the above equalities we
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have K gs(Ad(9)X) = Kg3(Ad(g9)X). (Note that Kg(cZ) = Kg(Z) holds for any ¥ €
S?(sp(n)*) @ N(n), Z € 5p( ) and ¢ € R(c # 0).) On account of Lemma 14 (1) we have
Ky (Ad(9)X) = Ad(g)Kg(X) and Kyg(Ad(9)X) = Ad(g)Kao(X) = Ad(g)Ko(X).
Therefore K¢ (X) = Ko(X) follows immediately. O

As a consequence of Proposition 20 we can show

Proposition 21. Leti =1, 2 or 3. Then
(1) HeS (1<a<n)
(2) Hi+HieS (1<a<b<n);
(B) PbeS, Q,eS (1<a<b<n).
Consequently, for any ¥ € G(Sp(n),N(n)) the following equalities hold:
Ko(H,) = Ko(H,); Ke(H, £ H,) = Ko(H, £ Hy);
K (Pu) = Ko(Pu); Kw(Qu) = Ko(Qu)-

Proof. Let i =1, 2 or 3. It is easily shown that under the action of Sp(n), H! (1 < a <
n — 1) is conjugate to H:. This implies that H: € S(1 < a < n). It is also known that
Hi+H (1 <a<b<n) (resp. Hi—H} (1 <a <b<mn))is conjugate to H. |+ H! (resp.
H: , — H!). Let {4,7,k} be a permutation of {1,2,3}. Then we easily have [H:, H}] =
2¢(ijk)HEF. This proves that s = 3.0 RH! is NAT. In view of the proof of Lemma 18
exp(RHF) acts on §' = RH! + RH? as a non-trivial subgroup of rotations of s’. Hence,
we can find an element h € exp(RH¥) such that Ad(h)H:! = —H!. Since [H¥ H!_,] =0,
we have Ad(h)H! |, = H! | and hence Ad(h)(H:. , — H!) = H' | + H!. Therefore, we
have H: + H € S(1 < a < b < n). As we have pointed out, Py ~ Q, ~ (H! — H}).
Since H! — H} € 8, it follows that P,;, € § and @', € S. This completes the proof. [

(3.5)

Remark 22. In the next section, after the proof of Theorem 10 we will know that
K g (X) = Ky(X) holds for any X € sp(n) (see Remark 36).

4. SOLUTIONS OF THE (GAUSS EQUATION

In this section we will prove Theorem 10. We assume that n > 2 and that the Gaussian
variety G(Sp(n'),9(n')) is EOS for any n' such that n' < n.
We now regard 9(n — 1) as a subspace of 91(n) by the assignment

Nn—1)> Z+r— (g 8) € N(n).

Let 90t be the orthogonal complement of 9t(n —1) in 9(n). Then we easily have dim 9t =
4n — 3 and
n—1 3
M = RE,, + Z{R(Ean + En) + Z R(Eun — Epa)e’}  (orthogonal direct sum).

a=1 j=1
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As in the previous section, we denote by ¥, the canonical solution (2.4). By a simple
calculation we can easily verify that ®g(sp(n — 1),sp(n — 1)) = N(n — 1) and M =
(Po) i (sp(n)) (i = 1,2,3). In a natural manner, the restriction Wo|spn_1) of ¥ to
sp(n — 1) may be regarded as an element G(Sp(n — 1),9(n — 1)). Therefore, by the
hypothesis of our induction we have:

Lemma 23. For any ¥’ € G(Sp(n —1),M(n — 1)) there is an element p' € O(N(n — 1))
such that p'®" = Wq|gpn_1)-

Let ¥ € G(Sp(n),N(n)). By Ve (X) (C DN(n)) we denote the image of sp(n) by the
map ¥x. We call ¥ a normal solution if ¥ satisfies:

(1) Ve(H)) =M (i =1,2,3);
(2) ¥lapmn—1) = Polsp(n—1)s

where ¥|g, 1) means the restriction of ¥ to sp(n — 1). By G°(Sp(n),9(n)) we mean
the subset of G(Sp(n),M(n)) consisting of all normal solutions.

Proposition 24. Let ¥ € G(Sp(n),MN(n)). Then there is an element p € O(N(n)) such
that p® € G°(Sp(n), N(n)).

Proof. Since dim Kg(H.) = dim K((H}) (see Proposition 19), we have dimV g (H}) =
dimVg,(H!). Hence we have dimVg(H!) = dim9N for any i (= 1,2,3). Let X, Y €
sp(n —1). Then by the Gauss equation (2.3) we get

%([[X LY, Z2) = (®(X,Y),®(H, 2)) — (¥(X, Z), ®(H.,Y))

for any Z € sp(n) and i(= 1,2,3). Since [X,H!] = 0 and Kg(H.) = K(H.) D
sp(n — 1) (see (3.4) and Proposition 19), we have ¥(H!,Y) = 0. Consequently, we have
(®(X,Y),¥®(H.,Z)) = 0, which proves

(T (sp(n —1),sp(n — 1)), Vi (H})) = 0. (4.1)

Take an element p; € O(M(n)) such that p;(Vg(H.)) = M. Then by (4.1) we have
(01®)(sp(n — 1),8p(n — 1)) = p1(T(sp(n — 1),sp(n — 1))) C JM(n — 1). Hence, in a
natural manner, (p;¥)|[spn—1) may be regarded as an element of G(Sp(n — 1), N(n — 1)).
Hence there is an element pf, € O(9(n — 1)) such that ph((p1¥)|spn—1)) = Polspn—1) (Se€
Lemma 23). Take p, € O(9M(n)) such that ps|sm = Lox and pa|mpn—1) = ph. Put p = pap;.
Then we have V, g (H,) = p(Ve(H,)) = M and (p¥)|spin—1) = Polspn—1). We finally
prove V,g(H) = MM (1 = 2,3). As is easily seen, we have ¥(sp(n — 1),sp(n — 1)) =
p Y(M(n — 1)). Hence by (4.1) we have Vg (H.) C p (). Therefore, V g (H.) =
p(Vg(HL)) C M. Since dimV ,g(H.) = dimM, we have V ,g(H.) = 9N, implying
p® € G°(Sp(n),N(n)). This completes the proof. O
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By virtue of Proposition 24 to show Theorem 10 it suffices to prove that any element
of G°(Sp(n),M(n)) is equivalent to Wy.

By m we denote the orthogonal complement of sp(n — 1) in sp(n). For simplicity, we
set P, = Py, Q) = Q°,, and H* = H! for integers a (1 < a <n—1)andi(1 <i < 3).

Set
3

3
m,=RP,+) RQ, (1<a<n-1), m,=) RH"
=1

i=1

Since (mg,my) =0 (a # b), we have
n—1
m = Z m, +m, (orthogonal direct sum).
a=1
Lemma 25. Let ¥ € G%(Sp(n),N(n)) and let 1 =1, 2 or 3. Then:
n—1
M = Z U(H' m,) + RY(H', H") (direct sum).
a=1

Proof. Since Ky (H') = sp(n— 1)+, ,;RH? and Vg (H') = ¥(H*,m) = M, we have
the lemma. O

In what follows we will observe the value ¥(X,Y) (X,Y € sp(n)) for the following four
cases:
(I) X emand Y € sp(n — 1);
(II) X € m, and Y € m,;
(III) X emyand Y em, (1 <a<n-—1);
(IV) Xempyand Y em, (1 <a<n-1).
We first observe Case (I):

Proposition 26. Let ¥ € G°(Sp(n),N(n)). Then:
(1) ¥(m,sp(n—1)) C M.
(2) Let X, Y em and Z € sp(n—1). Then:

(®(X,2),®(H"Y))=~([[X, 2], H],Y). (4.2)

e~ =

Proof. We first note that ¥(H’,sp(n—1)) =0 (1 < i < 3), because Kg(H") D sp(n—1).
This proves ¥(m,,sp(n — 1)) = 0. We now prove ¥(m,,sp(n — 1)) C M for any a (1 <
a <n —1). To show this we prove

U (P,,sp(n—1)) C M; T(Q.,sp(n—1)cM (i=1,2,3). (4.3)

Define an element Zj € sp(n—1) (1 <4 < 3) by Z§ = (3272 sE,,)e’. Then it is well-known
that Z; is a regular element of sp(n—1). Moreover, since ¥ |sy(n—1) = W |sp(n_1), it follows
that ¥ (Z%, sp(n — 1)) C N(n — 1). Here we note that the equality ¥(Z, sp(n — 1)) =
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9(n — 1) holds. Indeed, since dim Ker((¥o)zilspn-1)) = 2(n — 1) (see Proposition 15),
we have

dim ¥ (Z},sp(n — 1)) = dimsp(n — 1) — dim Ker((¥o)zilspn-1)) = dimN(n — 1).
Now let us set W! = Zi—aH"® € sp(n) (1 < a < n—1). By adirect calculation we can verify
Wy (P, W) = ®y(Q%, W?!) = 0. Hence by (3.5) we have ¥(P,, W!) = ¥(Q',W}) = 0.
Moreover, since ¥(H*, sp(n — 1)) = 0, we have ¥(W: sp(n — 1)) = ¥(Z},sp(n — 1)) =
MN(n—1). Let Z, Z' € sp(n — 1). Then by the Gauss equation (2.3) we have

(W5, 20,20, P) = (R(W5, 2),9(Z, P.) — (W5, ), ®(2, 7)), (44)
W5 20, 7),Q1) = (R (WL, 2), %(Z,Q1) — (R (W5 Q). ®(Z. 7). (45)

Since [H?,Z] = 0, we have [[W! Z], Z'] = [[Z§, Z),Z'] € sp(n — 1). Hence, the left
sides of (4.4) and (4.5) vanish. Further, since ¥ (P,, W}) = ¥(Q’,W!) = 0, we have
(W Z),®(Z,P,)) = (B(WE Z'), ®(Z,Q%)) = 0. Since Z and Z' are arbitrary ele-
ments of sp(n — 1) and since ¥(W! sp(n — 1)) = MN(n — 1), we have

(N(n—1),T(sp(n — 1), P)) = (N(n — 1), T(sp(n — 1),Q;)) =

showing (4.3). Consequently, we have ¥(m,, sp(n — 1)) C 9, which completes the proof

of (1).
Next we show (2). Let X, Y € mand Z € sp(n—1). Then by the Gauss equation (2.3)

we have
%([[X, HY,Z,Y) =(¥(X,Z2),®(H"Y)) — (¥(X,Y), ¥ (H", Z)).

Note that ¥ (H!,Z) = 0 and [Z, H?| = 0. The latter equality, together with the Jacobi
identity, shows [[X, H'|, Z] = [[X, Z], HY]. Thus we obtain (4.2). O

Remark 27. Here we state a remark on the value ¥(X,2) (X € m, Z € sp(n — 1)).
Note that the right side of (4.2) is an intrinsic quantity. Since ¥(H® m) = 90, we know
that ¥ (X,Z) € 9 is uniquely determined if the values ¥(H",Y) (Y € m) are given.
Therefore, if ¥(H*Y) = ¥y(H",Y) holds for any ¥ € m, then we may conclude that
U(X,Z) = ¥y(X,Z)(X € m;Z € sp(n —1)). See Case (c) below in the proof of
Theorem 10.

We next observe Case (II):

Proposition 28. Let ¥ € G°(Sp(n), N(n)). Then:

(1) ¥(H',H') = U (H? H?) = ®(H?, H?).

(2) ¥(H',H?) = W(H? H?) = ¥ (H? H') =0.

(3) (¥(H",H"), ®(H,H")) =1 (1<i<3).

(4) (P(H, H), ®(H!,m,)) =0 (1<i<3,1<a<n-1).
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To prove the proposition we prepare

Lemma 29. Let ¥ € G(Sp(n),N(n)). Let X and Y € sp(n). Assume:
(i) To(X, X) = To(V,Y).
i) X+Yes.

Then ®(X,X) = B(Y,Y).

Proof. By (i) we easily have ¥o(X + Y, X —Y) =0, ie., X - Y € Ko(X +Y). Since
X+Y €S, we have Ko(X +Y) = Kg(X 4+ Y) (see Proposition 20). Consequently, it
follows that X — Y € Kg(X +Y), ie., (X +Y,X —Y) = 0. This implies ¥(X, X) =
T(Y,Y). 0

Proof of Proposition 28. Let {i,j,k} be a permutation of {1,2,3}. As shown in the
proof of Proposition 21, s = Zle RH® is NAT. Consequently, H'+H/ € S, because (H'+
H7) ~ H'. On the other hand, it is easily checked that ®o(H*, H*) = ®o(H’, H?) = —E,,.
Hence by Lemma 29 we have ¥(H*, H') = W(HJ, H’). Similarly, we have ¥ (H’ H’) =
W(H*, H*), proving (1). The assertion (2) is clear from Lemma 13. Finally we prove (3)
and (4). Let £ be an integer such that 1 < k < 3, k # i and X € sp(n). Then by the
Gauss equation (2.3) we have

1 , . .
Z([[HZ: Hk]a Hk]a X) = <\I’(HZ, Hk)a \P(Hka X)> - <\I’(Hza X)a \Il(Hka Hk)>
By a simple calculation we have [[H', H¥|, H*] = —4H". Moreover, by the results obtained
in (1) and (2) we have ¥(H?, H*) = 0 and ¥(H*, H*) = ¥ (H', H?). Consequently, we
have
(®(H',X),®(H',H")) = (H', X).

Therefore, we obtain (3) and (4), because (H*, H') =1 and (H,m,) =0 (see (3.3)). O

In Case (III) the value ¥(X,Y) (X,Y € m,) (1 < a <n—1) are determined by

Proposition 30. Let ¥ € G°(Sp(n), N(n)) and let a be an integer such that1 < a < n—1.
Then:

(1) ¥(P, @) =0 (1<i<3).

(2) ¥( a,QZL)— (1<i#j<3)
(3) W(Py, P) = ®(Q, Q) = W(H', H') + ¥(H,, H;) (1<i<3).

Proof. Since ¥y(P,, Q%) = 0 and ¥,(Q°, Q%) = 0 (i # j), we obtain (1) and (2) (see
(3.5)). We now prove (3). Since s = ]R(HZ H!) + RP, o+ RQ® is NAT, it follows
that Q' + (H* — HY) € 8. Indeed, Q. + (H' — H}) ~ (H* — H!). By Lemma 29 we
have ¥(Q, Q) = ¥(H'— H:, H* — H!), because lI’O( L QL) =Wo(H'— H!,H"— H!)
—(Eya+ Eny)- Since HY € sp(n—1), we have ¥ (H', H!) = 0. Consequently, ¥(Q,Q°) =
U(H!, H)+®(H:, H!). Similarly, we can prove ¥(P,, P,) = ¥(H', H')+ ¥ (H!, H!). O
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Before proceeding to Case (IV) we extend Lemma 29 to the following form:

Lemma 31. Let ¥ € G(Sp(n),N(n)). Let X, X', Y and Y' € sp(n). Assume:
(i) To(X,Y") =Ty (Y, X') = 0.
(i) Wo(X, X') = W (Y, Y").
(iii) XeS,YeSand X +Y € S.

Then ®(X, X') = T (Y,Y").

Proof. By (i) and (ii) we have Y’ € Ky(X), X' € Ko(Y) and To(X + YV, X' —Y") =0
The last equality implies that X' — Y’ € Ko(X +Y"). Hence by (iii) we have Y’ € K¢(X)
X' €eKg(Y)and X'—Y' € Kg(X+Y). Consequently, we have ¥ (Y, X) = (X" Y) =
¥(X +Y, X'~ Y') = 0. Hence ¥(X, X') = ¥(Y,Y"). O

With this preparation we observe Case (IV).

Proposition 32. Let ¥ € G°(Sp(n),N(n)). Let a be an integer such that 1 < a < n—1.

Then:

(1) (H', QL) = B (H”,Q2) = B(H?, Q).

(2) O(H, Q%) = —c(ijk)®(HF, P,), where {i,j,k} is a permutation of {1,2,3}.

(3) ¥(H',m,) = ¥(H*m,) = ¥(H> m,).

(4) For each i (1 < i < 3) the set {v2%(H', P,),vV2¥(H*,Q}) (1 < j < 3)} forms an
orthonormal basis of ¥(H*, m,).

Proof. Let {i,7,k} be a permutation of {1,2,3}. We note that the subspace s = R(H’ +
HY)+RQ? + RQ* forms a subalgebra of sp(n) and is NAT. In fact, by simple calculations
we have

[H + H'", Q)] = 2¢(ijk)QL;  [H, + H', Q%] = —2¢(ijk)Q]
(@2, Qa] = 2¢(ijk) (H, + H').
Hence we have H: + H' + @4 € § and H! + H' + Q% € S, because H! + H' + Q) ~
H:+H +QF~Hi+ H € 8.

Now we prove (1). By direct calculations we can show ¥o(H! + H', QL) = ¥o(H?2 +
H? Q%) = Uy (H2+ H? Q3) = —(Eun+ Ey4). Moreover we have Wo(H: + H', HI + H7) =
Wy (Q), Q%) =0if i # j (see Lemma 13 and Proposition 30). Therefore by Lemma 31 we
have

@ (H, +H',Q,) =¥ (H; + H,Q;) = ¥(H; + H, Q). (4.6)
Here we show W(H}, QL) = ®(H2 Q?) = $(H2,@Q3). Let i = 1, 2 or 3. Since H. €
sp(n—1) and Q. € m, it follows from Proposition 26 (1) that ¥(H:, Q") € M. Moreover,
by Proposition 26 (2) we have

(w(Q, HY), (', Y)) = (1@ Hi) ', Y)
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for any Y € m. Since [Q%, H!| = P,, the right side of the above equality does not depend
on the choice of 7. This implies that ¥(H}, Ql) = ¥(H?,Q?) = ¥(H2,Q3), because
U(H', m) = 9. This, together with (4.6), proves (1).

We next prove (2). Let {i,j,k} be a permutation of {1,2,3}. Then by direct cal-
culations we have Wo(H! — H*, Q1) = e(ijk)®o(HF + H* P,) = €(ijk)(Eum — Ena)er.
Moreover, ®o(H! — H!, H* + H*) = ¥((Q?, P,) = 0 (see Lemma 13 and Proposition 30).
Since Hf + H* + Q7 € S, we obtain by Lemma 31 the following

W(H: - H,Q)) = e(ijk) ¥ (H! + H, P,). (4.7)

Note that H!, H* € sp(n — 1), QJ, P, € m and [Q4, H!] = e(ijk)[P,, H¥] = —e(ijk)QF.
As in the proof of (1) we have W(H! QJ) = (ijk)®(HF, P,). Accordingly, from (4.7) we
have W(H*, Q)) = —e(ijk)¥ (H*, P,). This completes the proof of (2).

By (1) and (2) we have

U(H' P) = —%(H*,Q,) = ¥(H", Q7);

(H',Q,) = ¥(H",Q;) = ¥(H? Qp); (18)
¥(H',Qq) = —‘I’(H2 Qa) = —T(H?, P);

(H',Q,) = ¥(H?, P,) = —U(H? Q).

By these equalities we clearly obtain (3).
Finally, we prove (4). Let X and Y are one of P, and Q4 (1 < j < 3), i.e., X,
Y € {P,, Q% (1 <j<3)}. By the Gauss equation (2.3) we have

U X), HY,Y) = (R (H HY), %(X,Y)) — (R(HY), $(X, ),

By direct calculations we can verify [[H*, X], H] = X. Hence the left side of the above
equality becomes (1/4)(X,Y). First assume that X = Y. Then we have ¥(X,X) =
U(H', H') + ¥ (H:, H.) (see Proposition 30 (3)). Since (¥(H’, H'), ®(H', H")) =1 (see
Proposition 28), ¥(H*, H') € 9 and ¥(H!, H!) € M(n — 1), we have

(¥(H",H"),®(X,X))=(¥(H' H),®(H H)+¥(H., H})) =1.

Since (X, X) = 2 (see (3.3)), we have (¥ (H*, X), ¥(H*, X)) = 1/2. We next consider the
case X # Y. Then we have (X,Y) = 0and ¥(X,Y) = 0 (see (3.3) and Proposition 30 (1),
(2)). Hence it follows that (¥(H' X),®(H'Y)) = 0. This completes the proof of
(4). O

We are now in a position to prove Theorem 10.

Proof of Theorem 10. Let ¥ € G°(Sp(n),N(n)). Set H = ¥(H' H'), P, =
V2U(HYP)(1<a<n—1),Q  =2¥(H,Q))(1<a<n—1,1<4i<3). Then we
have
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Lemma 33. Theset O = {H,P,(1<a<n-1),Q (1<a<n-—1,1<1i<3)} forms
an orthonormal basis of IN.

Proof. By virtue of Proposition 28 (3), (4) and Proposition 32 (4) we have only to prove
(T(H',m,), T(H' ' m))=0 (1<a#b<n-1). (4.9)
Let X € m, and Y € m;. By the Gauss equation (2.3) we have
LHY X)), Y) = (R(H, ), %(X,Y)) — (R (YY), $(X, H?).

As is easily seen, [[H', X], H*] € m,. Hence the left side of the above equality van-
ishes. On the other hand, since ¥(H', H?) = 0 (see Proposition 28), it follows that
(®(H'Y),®(X,H?)) = 0. This proves that (¥(H*, m;), ¥(H? m,)) = 0. Therefore,
we obtain (4.9), because ¥ (H? m,) = ¥(H', m,) (see Proposition 32 (3)). This completes
the proof. Il

Let D¢ = {Ho, (Po)o (1 <a<n—1), (Q.) (1 <a<n—1,1<i<3)}betheorthonor-
mal basis of M corresponding to Wy, i.e., Hy = Uo(H', H'), (P,)o = V2¥,(H"', P,) and
(@) = V2% (H',Q’). Then, there is an orthogonal transformation p' of 90t such that
Hy = p(H), (P,)o = p'(P,) and (Q%)y = p'(Q). Extend p' to the orthogonal trans-
formation p of M(n) satisfying plsm = p' and plyp-1) = Lom—1). Then, it is easy to see
that p® € G%(Sp(n),M(n)). For simplicity, set ¥; = p¥. In the following we will prove
¥, = ¥, In view of Lemma 25 and the decomposition sp(n) = m + sp(n — 1), we may
conclude ¥; = ¥, if ¥;(X,Y) = ¥y(X,Y) holds for any pairs X and Y listed in the
following (a) ~ (e):

(a) X €sp(n—1)and Y € sp(n — 1);

(b)) X em, and Y € m;

(¢ X emand Y € sp(n — 1);

(d XemsandY em, (1 <a<n-—1);
() XemandY empy(1<a#b<n-—1).

Case (a). Let X, Y € sp(n —1). Since ¥(X,Y) = ¥y (X,Y) € N(n — 1) and plnp-1)
Ly(n—1), we have ¥1(X,Y) = p(¥(X,Y)) = p(¥(X,Y)) = ¥o(X,Y).

Case (b). By the very definition of p we have ¥, (H',Y) = ¥(H',Y) for Y € 3"~ m,+
RH!. Applying Proposition 32 to both ¥, and ¥, we have ¥, (H")Y) = ®y(H,Y) for
i=2,3,Y €Y " m, (see (1), (2) and (4.8)). Further, since ¥,(H', H') = ®o(H', H'),
we have W, (H', H') = Wy(H!, H) (1 < i,j < 3) (see Proposition 28 (1), (2)). Thus we
obtain ¥, (X,Y) = ¥((X,Y) forany X € m, and Y € 3"~ m, +m,, = m.

Case (c). By Case (b) we have ¥ (HY) = ®o(H,Y) (i =1,2,3;Y € m). As we have
remarked (see Remark 27), we obtain ¥ (X,Y) = ¥y(X,Y) for X e m, Y € sp(n — 1).
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Case (d). As seen in Case (b), we have W,(H' H*) = W,(H', H'). Moreover, since
H € sp(n — 1), we have ¥, (H! H!) = Wo(H: H) (i = 1,2,3). Hence by applying
Proposition 30 to ¥; and ¥q, we easily have ¥;(X,Y) = ¥4(X,Y) for X, Y € m,.

Case (e). We note that this case occurs when n > 3. We first show

Lemma 34. Assume that n > 3. Let a and c be integers such that 1 < a # c<n —1.
Then P, + P,. € S; Q. +Q'. € S(i=1,2,3).

Proof. By easy calculations we have

[HZ - HiaPaiPac] = QZ :FQZ [HZ _Hianz:Fszc] = _(Pa:l:PaC);

ac?

[Pa iPac,sz + wa] = Q(Hé - Hz)

Consequently, both the subspaces s, = R(H! — H*) + R(P, + P,.) + R(Q} — @Q°,) and

s =R(H! — H) +R(P, — Pp.) + R(Q} + Q°,) are NAT. Therefore, we have P, + P, ~
H!—H' ~ Q' +Q",. Since H:—H' € S, it follows that P,+P,. € Sand Q' +Q’. € S. O

First assume n > 4. Let us consider the case X = P, and Y = PB,. Take an integer
c¢(1 < ¢ <n-—1)such that ¢ # a and ¢ # b. By easy calculations we have ¥y(P,, P,) =
o (P, Pre) = —(1/2)(Ewp + Esa) and o(Pa, Ppo) = Wo(Pre, P,) = 0. Since Py, P
and P, + P,. € S, it follows that ¥(P,, P,) = ¥(P,, Ps.) (see Lemma 31). Since P,,
Py, € sp(n — 1), we have W (P,, Pye) = Wo(Pyc, Poc) (see the case (a)). Hence we have
U, (P,, ) = ©y(P,, P,). In a similar manner we can prove ¥, (P,, Q%) = ¥,(P,, Q%) (i =
1,2,3) and ¥, (Q", QZ) =T,y (Q, QZ) (1,7 =1,2,3). By these facts we obtain the equality
@, (X,Y) = Ty(X,Y) (X € mg, Y €my) when n > 4.

Next we assume n = 3. Apparently, the method used in the case n > 4 cannot be
applied to this case. We prove

Lemma 35. Assume that n = 3. Then ¥i(m;, my) C N(2).
Proof. Set B, = {P,,Q,Q%* Q%} (a =1,2). Let X € B; and Y € B,. We first show
(O(X,Y), O (H' H")) = (¥(X,Y), ¥ (H',m +my)) = 0. (4.10)

If this is true, then we have ¥;(X,Y) € M(2), because M = R¥, (H', H)+ ¥, (H', m; +
ms) (see Lemma 25) and because D(2) is the orthogonal complement of 90t in 91(3).
By the Gauss equation (2.3) we have

1
Z([[HlaX]aHl]:Y) = <\Il1(H1aH1)a\Il1(Xa Y)> - <\P1(H1aY)a‘IJ1(Xa H1)>

As observed in the proof of Proposition 32, we have [[H', X], H'] = X. Since (X,Y) =
0, the left side of the above equality vanishes. Moreover, in view of (4.9) we have
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(®(H'Y),®,(X,H")) = 0. Consequently, we have (¥(X,Y), ¥ (H', H')) = 0. Let
Z be an arbitrary element of 9;. Then by the Gauss equation (2.3) we have

%([[X, HY,Y),Z) =(9(X,Y), O (H', Z)) — (¥:(X, Z), ¥, (H',Y)).

Here we can easily verify that [[X, H'],Y] € sp(2) and hence the left side of the above
equality vanishes. By Proposition 30 (1), (2) we have ¥{(X,Z) = 0 if X # Z. Hence
(®1(X,Y), ¥ (H',Z)) = 0. On the other hand, if X = Z, then we have ¥;(X,Z2) =
U, (X,X)=W,(H' H")+ ¥, (H{, H]) (see Proposition 30). Hence by Proposition 28 (4)
and the fact ®i(H{, H]) € M(2) we have (¥,(X,Z), ®;(H',Y)) = 0. Therefore, in
this case, we also obtain <\Ill(X, Y),\Ill(Hl,Z)> = 0. Since Z is an arbitrary ele-
ment of B, we have <\111(X, Y),\Ill(Hl,ml)> = 0. In a similar way we can prove
(¥,(X,Y), ¥ (H',my)) = 0, showing (4.10). Accordingly, we get ¥(X,Y) € N(2)
and hence ¥, (my, my) C MN(2). O

Now let X € my, Y € my. Take arbitrary elements Z;, Zs € sp(2). Then by the Gauss
equation (2.3) we have

i([[X, Z1),Y), Zy) = (1(X,Y), ®1(Z1, Z5)) — (®1(X, Z5), ®1(Z1,Y)).

By the results of Case (a) and Case (¢) we have W(Z, Zs) = Wo(Z1, Z2), ¥1(X, Zs) =
\II()(X, ZQ) and \Ill(Yv, Zl) = \I’()(Y, Zl) Therefore we have

1
<\IJ1(X, Y), ¥y (74, Z2)> = Z([[X, 21, Y], Z2) + <\IJO(X, Zs), Wo(Z1, Y)>
Since W, is a solution of the Gauss equation (2.3), we have
(Bo(X,Y), B(Z1, Z2)) = —( X, Z1), Y], %) + (®o(X, Z), ¥o(Z,, V).

Hence, by subtraction, we have <\Il1(X, Y) - ¥y(X,Y), ¥o(Z1, Z2)> = (0. Here we note
that ¥1(X,Y) — ¥y(X,Y) € N(2). Indeed, we have ¥;(X,Y) € 9(2) (see Lemma 35)
and have ¥y (X,Y) € M(2) by a simple calculation. Since Wy(sp(2),sp(2)) = DN(2), the
above equality implies that ¥;(X,Y) — ¥(X,Y) =0, ie., ¥1(X,Y) = ¥y(X,Y). This
completes the proof of (e) in the case where n = 3.

Thus by the above case studies (a) ~ (e) we get ¥ = Wy, ie., p¥ = ¥, This
completes the proof of Theorem 10. O

Remark 36. As seen in the above discussion, we have proved Theorem 10 by utilizing
the equality K¢ (X) = Ko(X) for regular elements X or for elements X € S. After we
have established Theorem 10, we easily conclude that K¢ (X) = Ky(X) holds for any
element X € sp(n).
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