An algorithm to determine the isomorphism classes of 4-dimensional complex Lie algebras BY Yoshio Agaoka

Department of Mathematics, Faculty of Integrated Arts and Sciences, Hiroshima University, Higashi-Hiroshima 739-8521, Japan e-mail: agaoka@mis.hiroshima-u.ac.jp

Abstract

We give an algorithm to determine the isomorphism classes of 4-dimensional complex Lie algebras from the representation theoretic viewpoint. For this purpose, we give the GL(V )-irreducible decomposition of the polynomial ring of the space ∧^2V^∗ ⊗ V (V = C^4) up to degree three, and show that intrinsic concepts defined by these covariants are sufficient to distinguish the isomorphism classes. As an application, we describe the variety of 4-dimensional Lie algebras and their degenerations in a comparatively simple form, by introducing a new family of normal forms of 4- dimensional Lie algebras that are just fitted for these purposes.

Introduction.

In this paper, we study the set of 4-dimensional complex Lie algebras from the representation theoretic viewpoint. In particular, we give an algorithm to determine the isomorphism class of a given abstract 4-dimensional Lie algebra, in terms of a finite number of covariants and invariants of the group GL(V ).

Many results are already known for 4-dimensional (real and complex) Lie algebras, such as the classification, the degeneration and deformation, and the number of varieties consisting of Lie algebras, etc. (cf. [7], [9], [12], [18], [19], [23], [25], [29].) But, in spite of these results, several important problems are still left unsolved concerning the isomorphism classes of Lie algebras. For example, it is in general a hard algebraic problem to determine the explicit isomorphism class of a given abstract Lie algebra g, i.e., which normal form in the classification table is isomorphic to a given g. Of course, the dimensions of [g, g] and [[g, g], [g, g]], etc. give some necessary conditions to determine this isomorphism class.

02000 Mathematics Subject Classification. 17B05, 13A50, 14L30. 0Key words. Variety of Lie algebras, covariant, invariant, deformation, degeneration. 1

But, these conditions are not in general enough to determine it. In this paper, we give a finite number of intrinsic concepts of 4-dimensional complex Lie algebras g, by which we can determine their isomorphism classes uniquely without constructing the explicit isomorphisms. (See the examples at the end of §6.)

For this purpose, we consider the set of all Lie algebra structures on a fixed 4- dimensional complex vector space V . By fixing a basis of V , the structure constant {c^k_{ij} } of g can be naturally considered as an element of ∧^2V^∗ ⊗ V , and we identify it with the Lie algebra g itself. Since {c^k_{ij} } satisfies the Jacobi identities that are the quadratic polynomial relations of {c^k_{ij} }, the set of all Lie algebras constitutes an algebraic set of the space ∧^2V^∗ ⊗ V , which splits into four irreducible varieties. (cf. [9], [12], [18], [25]. See also Proposition 8.) The group GL(V ) naturally acts on this space, and it is clear that the orbit decomposition of this algebraic set is equivalent to the classification of Lie algebras.

But to obtain a method to determine the isomorphism classes of Lie algebras, we take another standpoint, and consider the polynomial ring of ∧^2V^∗ ⊗ V and its GL(V )- irreducible decomposition. The above mentioned “intrinsic concepts” on g are usually expressed as the vanishing of some irreducible components of the polynomial ring (= covariants). For example, the space of linear polynomials of {c^k_{ij} } splits into two GL(V )- irreducible components, and the vanishing of one component is equivalent to the “unimodularity” of g, the vanishing of the other component is equivalent to the condition that the Lie bracket is expressed as [X, Y ] = f(X)Y − f(Y )X for some f ∈ g^∗. Both concepts play fundamental roles in determining the isomorphism classes. The above mentioned values dim [g, g] and dim [[g, g], [g, g]] also can be characterized by the vanishing or non-vanishing of some covariants. (For details, see Proposition 4.) As a result, we can show that “intrinsic concepts” to determine the isomorphism classes of g are all expressible as the vanishing of covariants of {c^k_{ij} } up to degree three. And in terms of these concepts, we explicitly give an algorithm to determine the isomorphism classes of 4-dimensional complex Lie algebras, which is the main result of this paper (Theorem 11 and Figure 2).

As a by-product of this method, we can also show several facts on the set of 4- dimensional Lie algebras, in particular, degenerations and the variety of Lie algebras. (For the definition of degeneration, see §5.) Degenerations of 4-dimensional Lie algebras are already completely determined in [7]. But the final results given there are quite complicated. In this paper, we introduce a new family of normal forms of 4-dimensional complex Lie algebras that are just fitted to describe the varieties and the degenerations. And in terms of these normal forms, we summarize the results on these subjects in a comparatively simple form. To give these nice normal forms is another main result of the present paper.

Now, we state the contents of this paper. In §1, we give a new classification table of 4-dimensional complex Lie algebras, consisting of ten normal forms (Table 1). These normal forms possess several nice properties, and after explaining them, we next summarize the fundamental quantities of these Lie algebras (Table 2). Among others, we state a remarkable property that except for one Lie algebra, the ratio of the eigenvalues of ad X does not depend on the choice of X ∈ g if X is sufficiently generic (Proposition 2). This property leads us to define three fundamental invariants of 4-dimensional Lie algebras, which play a crucial role in determining the isomorphism classes. In §2, we give the GL(V )-irreducible decomposition of the polynomial ring of the space ∧^2V^∗ ⊗ V up to degree three. We also explicitly give the generators of these irreducible components which we use in this paper. And we evaluate them for each normal form by using computers (Table 3). To know the vanishing or non-vanishing of each generator for a given Lie algebra is one crucial step in the actual determination of the isomorphism classes. In §3, we characterize “intrinsic concepts” on g determined by the vanishing of these covariants. Some unfamiliar but important properties naturally appear. In §4, by using the ratio of the eigenvalues of ad X stated above, we define three fundamental invariants χ_1 ∼ χ_3 of 4-dimensional Lie algebras. Roughly speaking, these invariants serve as the coordinate of the moduli space of the variety of Lie algebras, because the parameters appearing in the normal forms of Lie algebras in Table 1 are uniquely determined by these invariants χ_1 ∼ χ_3 (Proposition 5).

In §5, by using the above results, we summarize some known facts and some new results on degenerations and the varieties of 4-dimensional Lie algebras. On account of the nice properties of our normal forms, these results are expressed in a comparatively simple form. In particular, we give the defining equations of four irreducible varieties of Lie algebras, and the explicit orbit decompositions of them, including the degenerations (Proposition 9, Figure 1). We know that there exists one principal line of degenerations in each variety. But, several “singular” Lie algebras make the situation a little complicated. In the final section (§6), we give an algorithm to determine the isomorphism classes of 4-dimensional complex Lie algebras, which is the main subject of this paper. The results are summarized in Theorem 11 and Figure 2. Roughly speaking, dimensions of [g, g] and [[g, g], [g, g]], three invariants χ_1 ∼ χ_3, and three kinds of covariants are enough to determine the isomorphism classes.

In the appendices, we summarize several related topics. In Appendix A, we construct several isomorphisms to the previously known normal forms. Here, we adopt two classification tables in [7], [23], and show that they just coincide with our normal forms in Table 1, after a change of the basis. In Appendix B, we review the results on 3-dimensional complex Lie algebras in [5], where we studied 3-dimensional Lie algebras from the same standpoint of this paper. But the normal forms listed in [5] are not so fitted to describe degenerations. And for this reason, we re-summarize the simplified results here, by introducing a new family of norma forms.

Finally, we add some comments for higher dimensional case. Theoretically, we can continue to develop our method to higher dimensional Lie algebras. But unfortunately, calculations of covariants and invariants, and the irreducible decomposition of the polynomial ring become complicated as the dimension becomes large, and we do not know what kind of concepts will be required in order to distinguish the isomorphism classes. This is mainly due to the lack of our knowledge on the GL(V )-irreducible decomposition of the space S^p(∧^2V^∗ ⊗ V ), especially due to the lack of decomposition formulas of the “plethysm” {1^2} ⊗ {λ} (cf. §2, [22], [4]).

As an application of this paper, we can describe the existence (or non-existence) of left invariant symplectic structures on 4-dimensional complex Lie groups in an intrinsic way.

For details, see [6]. In addition, we can apply the representation theoretic method of this paper to other kind of geometric problems on multi-tensor spaces, such as the Grassmann space ∧^pV^∗ (p ≥ 3), the space of curvature like tensors on V , etc. We will treat these problems in the forthcoming papers.

§1. Normal forms.

In this section, we give a simple classification table of 4-dimensional complex Lie algebras, fitted to describe an algorithm to determine the isomorphism classes and several properties on the varieties of Lie algebras, such as degenerations, orbit decompositions, etc.

There are already several classifications of 4-dimensional Lie algebras. But unfortunately, it seems that all of them are not fitted to describe the above subjects. In fact, for these classifications, a family of normal forms which contains a parameter often degenerates to singular Lie algebras at some special points. (For example, see Remark (6) below.) And this phenomenon makes a description of the above subjects quite complicated. Here, based on previously known classifications, we give a new classification table of 4-dimensional complex Lie algebras fitted for our purposes. Explicit relations to other normal forms are given in Appendix A.

Proposition 1. Any 4-dimensional complex Lie algebra is isomorphic to one of the following Lie algebras in Table 1 (α and β represent complex parameters):

Table 1

non-trivial bracket operations L_0 L_1 [X_1, X_2] = X_3 L_2 [X_1, X_2] = X_3, [X_1, X_3] = X_4 L_3 [X_1, X_2] = X_2, [X_1, X_3] = X_3, [X_1, X_4] = X_4 L_4(α) [X_1, X_2] = X_2, [X_1, X_3] = X_3, [X_1, X_4] = X_3 + αX_4 L_4(∞) [X_1, X_2] = X_2 L_5 [X_1, X_2] = X_2, [X_1, X_3] = X_3, [X_1, X_4] = 2X_4, [X_2, X_3] = X_4 L_6 [X_1, X_2] = X_2, [X_1, X_3] = −X_3, [X_2, X_3] = X_1 L_7(α, β) [X_1, X_2] = X_2, [X_1, X_3] = X_2 + αX_3, [X_1, X_4] = X_3 + βX_4 L_8(α) [X_1, X_2] = X_2, [X_1, X_3] = X_2 + αX_3, [X_1, X_4] = (α + 1)X_4, [X_2, X_3] = X_4 L_9 [X_1, X_2] = X_2, [X_3, X_4] = X_4

These Lie algebras are not isomorphic to each other except for the following cases :

• L_7(α, β) ∼= L_7(α^′, β^′) if and only if two ratios 1 : α : β and 1 : α^′ : β^′ coincide after a suitable change of ordering.

• L_8(α) ∼= L_8(α^′) if and only if α = α^′ or αα^′ = 1.

(As for the Lie algebra L_4(α) (α ∈ C ∪ {∞}), L_4(α) is isomorphic to L_4(α^′) if and only if α = α^′.)

Outline of the proof. We can show that the above table exhausts all 4-dimensional complex Lie algebras by constructing the isomorphisms to other known normal forms. (For details, see Appendix A.) By calculating the dimensions of [L_i, L_i] and the GL(V )- orbit of L_i, we have immediately L_i ≇ L_j for i ≠ j. (See Table 2 below.) The remaining special isomorphisms for L_4, L_7 and L_8 can be checked directly. q.e.d.

We must explain the typical features of these normal forms. But in advance, we state one notational remark.

A Lie algebra is by definition a pair (V, [ , ]), where V is a vector space and [ , ] is an element of ∧^2V^∗ ⊗ V satisfying the Jacobi identity. In this paper, we often express the vector space V as g if a Lie algebra structure [ , ] on V is explicitly or implicitly given. But sometimes, in case the underlying vector space V is fixed, we often identify the Lie bracket [ , ] with g, and we consider g as an element of ∧^2V^∗ ⊗ V . This is clearly an abuse of notation. But, the author believes that the readers can correctly understand the situation without any confusion. (In this paper, V always means C^4, except Appendix B.)

Remark. (1) Among 4-dimensional Lie algebras, the following ones are expressed as sums of lower dimensional Lie algebras:

L_0 ∼= C^4, L_1 ∼= M_1 ⊕ C, L_4(0) ∼= M_2 ⊕ C, L_4(∞) ∼= M_3(0) ⊕ C ∼= aff(1, C) ⊕ C^2, L_6 ∼= gl(2, C) ∼= sl(2, C) ⊕ C, L_7(α, 0) ∼= M_3(α) ⊕ C, (α ≠ 0), L_9 ∼= aff(1, C) ⊕ aff(1, C).

Here, the Lie algebra aff(1, C) means the non-abelian 2-dimensional Lie algebra. For the definition of the 3-dimensional Lie algebras M_i appeared above, see Table 5 in Appendix B. It should be remarked that the set of decomposable Lie algebras does not form a “closed” subset of ∧^2V^∗ ⊗ V in the usual topology because the limitting Lie algebra lim_{α→0} L_7(α, 0) = L_7(0, 0) is not decomposable. See also Remark (1) after Proposition 6 in §5.

(2) Nilpotent Lie algebras are exhausted by L_0, L_1, L_2. All 4-dimensional Lie algebras are solvable except for the unimodular Lie algebra L_6 ∼= gl(2, C). As we see later, four Lie algebras L_6 ∼ L_9 constitute the “principal part” of the set of 4-dimensional Lie algebras (cf. Proposition 8), and the remaining Lie algebras L_3, L_4, L_5 are intermediate degenerate Lie algebras.

(3) For the Lie algebra L_7(α, β), we often say that two “unordered ratios” 1 : α : β and 1 : α^′ : β^′ coincide if these ratios coincide after a suitable change of ordering. In this case, two Lie algebras L_7(α, β) and L_7(α^′, β^′) are isomorphic, as stated in Proposition 1. For example, it is easy to see that L_7(α, β) with α + β = 1 is isomorphic to L_7(γ, γ + 1) for some γ ∈ C.

(4) It is convenient to use the symbolical notation L_7(∞, 1) = L_7(0, 0) in considering the degeneration of Lie algebras (cf. §5, Figure 1). In fact, from the above remark, we have L_7(α, 1) ∼= L_7(^1_α ,^1_α ) for α ≠ 0, and hence lim_{α→∞} L_7(α, 1) ∼= L_7(0, 0). In the similar way, we may consider L_7(∞, ∞) = L_7(1, 0) and L_7(∞, −∞) = L_7(−1, 0).

(5) We may say that the Lie algebra L_4(α) converges to L_4(∞) as α → ∞ in spite of its appearance. To check this fact, we consider the family of Lie algebras L^′_4(k, l) ((k, l) ≠ (0, 0)) defined by

[Y_1, Y_2] = kY_2, [Y_1, Y_3] = kY_3, [Y_1, Y_4] = kY_3 + lY_4.

Then, we have

L^′_4(k, l) ∼= { L_4(∞) k = 0, L_4(^l_k ) k ≠ 0.

In particular, L^′_4(k, l) ∼= L^′_4(k^′, l^′) if and only if (k^′, l^′) = (ck, cl) for some c ≠ 0, and we see that the parameter space of L_4(α) can be naturally identified with the 1-dimensional complex projective space P^1(C). From these facts, we have lim_{α→∞} L_4(α) ∼= lim_{α→∞} L^′_4(1, α) ∼= lim_{α→∞} L′_4(^1_α , 1) ∼= L′_4(0, 1) ∼= L_4(∞).

(6) For most classifications, the Lie algebra L^′_7(α, β) defined by

[Y_1, Y_2] = Y_2, [Y_1, Y_3] = αY_3, [Y_1, Y_4] = βY_4.

is adopted as one normal form. Clearly, the bracket operation of L^′_7(α, β) is simpler than that of L_7(α, β), and this Lie algebra is isomorphic to L_7(α, β) if α ≠ β, α ≠ 1 and β ≠ 1. But, for the remaining cases, L^′_7(α, β) is isomorphic to other Lie algebras:

L^′_7(α, β) ∼=

L_4(∞) α = β = 0, L_3 α = β = 1, L_4(^1_α ) α = β ≠ 0, 1, L_4(β) α = 1, β ≠ 1, L_4(α) β = 1, α ≠ 1.

For most classifications, the Lie algebras L_7(α, α) (∼= L_7(1,^1_α )) and L_7(1, 0), not appearing in this family {L^′_7(α, β)} are treated as other separate normal forms. But actually, by calculating the dimension of GL(V )-orbits of these Lie algebras, we know that the above Lie algebras L_3 and L_4(α) are singular. (For example, the Lie algebra L_3 is a degeneration of L_7(1, 1). See Table 2 and Figure 1 in §5.) On the contrary, the dimension of the GL(V )-orbit of L_7(α, β) is constant for any α, β. And hence, L_7(α, α) and L_7(1, 0) should be included in the continuous family of Lie algebras, instead of L_3 and L_4(α). Hence, to describe deformations and degenerations, the family of Lie algebras L_7(α, β) are nicely fitted as normal forms than L^′_7(α, β). (Symbolically, in the language of matrices, we may say that L^′_7(α, β) corresponds to a “diagonal” matrix and L_7(α, β) corresponds to a matrix with a non-trivial “Jordan block”. Clearly, the latter one is generic in the set of matrices with multiple eigenvalues.)

As for the Lie algebra L_8(α), it is isomorphic to the Lie algebra L^′_8(α) defined by

[Y_1, Y_2] = Y_2, [Y_1, Y_3] = αY_3, [Y_1, Y_4] = (α + 1)Y_4, [Y_2, Y_3] = Y_4, if α ≠ 1. And the bracket operation of this Lie algebra is simpler than that of L_8(α). But L^′_8(α) degenerates to L_5 in the case α = 1. A similar phenomenon occurs for the Lie algebra L_4(α). The Lie algebra defined by

[Y_1, Y_2] = Y_2, [Y_1, Y_3] = Y_3, [Y_1, Y_4] = αY_4

is isomorphic to L_4(α) if α ≠ 1, and to L_3 if α = 1. By the same reason as above, it is better to adopt the Lie algebras L_8(α) and L_4(α) as normal forms.

Next, as one peculiar feature of 4-dimensional Lie algebras, we consider the ratio of the eigenvalues of ad X (X ∈ g). The following proposition is quite important, especially in defining the invariants of 4-dimensional Lie algebras in §4.

Proposition 2. Assume g is not isomorphic to L_9. Then, the ratio of the eigenvalues of ad X does not depend on the choice of X if X is sufficiently generic.

Proof. We can easily show this fact by using the classification table (Table 1). For example, for the Lie algebra L_7(α, β), we have

ad (aX_1 + bX_2 + cX_3 + dX_4) =

0 0 0 0 −b − c a a 0 −cα − d 0 aα a −dβ 0 0 aβ , and the eigenvalues of this matrix are {0, a, aα, aβ}. Hence, if a ≠ 0, the ratio of the eigenvalues of ad (aX_1 + bX_2 + cX_3 + dX_4) is always equal to 0 : 1 : α : β. We can easily calculate the ratio for the remaining Lie algebras. q.e.d.

Remark. (1) For the Lie algebra L_9, the eigenvalues of ad (aX_1 + bX_2 + cX_3 + dX_4) are given by {0, 0, a, c}, and this ratio essentially depends on X. Among 4-dimensional comlex Lie algebras, L_9 is uniquely characterized by this property. We also remark that the ratios for real solvable 4-dimensional Lie algebras are listed up in [34; p.180 ∼ 181].

(2) If possible, it is desirable to prove Proposition 2 without the help of the classification. But unfortunately, we do not know such a proof at present.

In Table 2, we summarize fundamental quantities of L_i, including the ratios of the eigenvalues of adX. We remark that our normal forms are selected such that the dimension of the GL(V )-orbit of L_i does not depend on the parameters (α and β), as we stated above. Perhaps, this is the most important feature of our normal forms. But instead, the dimensions of g^{(1)} and g^{(2)} may vary for singular α and β, where g^{(1)} = [g, g], g^{(2)} = [[g, g], [g, g]]. In the following, we denote by O(g) the GL(V )-orbit of g in ∧^2V^∗ ⊗ V . Note that the dimension of O(g) can be calculated by the formula:

dim O(g) = dim g^∗ ⊗ g − dim Der(g),

where Der(g) is the space of derivations of g, i.e.,

Table 2

dim g^{(1)} dim g^{(2)} dim O(g) ratio L_0 0 0 0 0 : 0 : 0 : 0 L_1 1 0 6 0 : 0 : 0 : 0 L_2 2 0 9 0 : 0 : 0 : 0 L_3 3 0 4 0 : 1 : 1 : 1

L_4(α)

1 α = ∞ 2 α = 0 3 α ≠ 0, ∞

0 8 0 : 1 : 1 : α (∗)_1

L_5 3 1 9 0 : 1 : 1 : 2 L_6 3 3 12 0 : 0 : 1 : −1 L_7(α, β) { 2 α = 0 or β = 0 3 α, β ≠ 0 0 10 0 : 1 : α : β

L_8(α) { 2 α = 0 3 α ≠ 0 { 0 α = 0 1 α ≠ 0 11 0 : 1 : α : α + 1

L_9 2 0 12 (∗)_2

g^{(1)} = [g, g], g^{(2)} = [g^{(1)}, g^{(1)}].

(∗)_1: We consider 0 : 1 : 1 : ∞ = 0 : 0 : 0 : 1.

(∗)_2: Two eigenvalues are 0. But the remaining two eigenvalues essentially depend on the choice of X ∈ L_9.

Der(g) = { A ∈ g^∗ ⊗ g | A[X, Y ] = [AX, Y ] + [X, AY ],^∀X, Y ∈ g }.

Theoretically, the value dim O(g) may serve as one measure to determine the isomorphism class of g. But for general (un-normalized) g, the determination of dimO(g) requires many calculations, and we do not use this value as our device.

It should be noted that the dimensions of GL(V )-orbits are not stable by summations of Lie algebras. For example, the dimension of the GL(V )-orbit of the 3-dimensional complex Lie algebra M_3(α) is always 5 for α ∈ C. (See Table 5 in Appendix B.) But curiously, by adding a 1-dimensional abelian center, a singular parameter α appears. In fact, we have

dim O(M_3(α) ⊕ C) = { dim O(L_4(∞)) = 8 α = 0, dim O(L_7(α, 0)) = 10 α ≠ 0.

§2. Polynomial ring of ∧^2V^∗ ⊗ V .

In order to give an algorithm to determine the isomorphism classes of Lie algebras, we need several intrinsic concepts of g, by which we can distinguish non-isomorphic Lie algebras. These intrinsic concepts which we use in this paper are all characterized by the vanishing of GL(V )-invariant sets of polynomials of structure constants up to degree three. For example, by fixing a basis {X_1, · · · , X_4} of g and by putting [X_i, X_j ] = Σ c^k_{ij} X_k , the unimodularity of g is characterized by the vanishing of four linear polynomials Σ_k c^k_{ik} = 0 (i = 1 ∼ 4), as stated in Introduction. These four polynomials {Σ_k c^k_{ik} } constitute a GL(V )-invariant irreducible subspace of (∧^2V^∗ ⊗ V )^∗. Other intrinsic concepts of g which we use in this paper are also characterized by the vanishing of polynomials of some GL(V )-irreducible components of the polynomial ring Σ_p S^p(∧^2V^∗ ⊗ V )^∗.

Hence, to explain the algorithm to determine the isomorphism classes, we must in advance describe the structure of the polynomial ring Σ_p S^p(∧^2V^∗ ⊗ V )^∗ from the GL(V )- representation theoretic viewpoint, though it is in general a hard problem.

In this section, we give the explicit GL(V )-irreducible decomposition of the space S^p(∧^2V^∗ ⊗ V )^∗ for p = 1 ∼ 3, and calculate their generators. In addition, we evaluate these generators for each normal form in Table 1. By this method, we can obtain several nice devices to determine the isomorphism classes of g. Intrinsic concepts defined by the vanishing of these GL(V )-invariant sets of polynomials are explained in detail in the next section.

We will calculate the generator of each GL(V )-irreducible component of S^p(∧^2V^∗ ⊗V )^∗ by the method stated in [1; p.115 ∼ 116]. For this purpose, we fix a volume form Ω of V once for all, and rewrite the space as follows. Since V is 4-dimensional, we can naturally identify two spaces ∧^2V^∗ and ∧^2V by using the volume form Ω. Hence S^p(∧^2V^∗ ⊗ V )^∗ is isomorphic to S^p(∧^2V ⊗V )^∗. As GL(V )-modules, irreducible components of S^p(∧^2V^∗⊗V )^∗ and the corresponding components in S^p(∧^2V ⊗ V )^∗ are isomorphic to each other by multiplying some powers of det g (g ∈ GL(V )). For our purpose, we only use the concepts determined by the vanishing of polynomials, or the concepts determined by the ratio of polynomials with the same degree. Hence, our arguments do not depend on the choice of the volume form of V .

Now, we give the explicit GL(V )-irreducible decomposition of the space of polynomials on ∧^2V ⊗ V up to degree three. We express the GL(V )-irreducible representation space corresponding to the partition λ = (λ_1, · · · , λ_4) by the symbol S_λ = S_λ(V^∗). (For the representation theory of the group GL(V ), see [22], [1], etc.) For example, the symbol S_2 expresses the space of symmetric 2-forms S^2V^∗. Strictly speaking, this space S^2V^∗ should be expressed as S_{0,0,0,−2}. But, for simplicity, we use the above dual notation throughout this paper.

Then, in the case of degree = 1, by using Littlewood-Richardson’s rule, we obtain the irreducible decomposition immediately: (∧^2V ⊗ V )^∗ = S_{11} ⊗ S_1 = S_{21} + S_{111}. For higher degree cases, we use the formula S^p(∧^2V ⊗ V )^∗ ∼= Σ_λ S_λ(∧^2V^∗) ⊗ S_λ(V^∗), where λ runs all over the partitions such that |λ| = p and depth ≤ 4. The decomposition of the plethysm S_λ(∧^2V^∗) (= {1^2} ⊗ {λ}, in the classical notation) for small |λ| is given for example in [3], [8]. (Or one can calculate it by using the software “SYMMETRICA”:

http://www.mathe2.uni-bayreuth.de.) As a result, we have:

Proposition 3. GL(V )-irreducible decompositions of S^p(∧^2V ⊗ V )^∗ for p = 1 ∼ 3 are given by

p = 1 : S_{21} + S_{111}, p = 2 : S_{42} + 2S_{321} + 2S_{3111} + 2S_{222} + S_{2211}, p = 3 : S_{63} + 2S_{531} + S_{522} + 2S_{5211} + S_{441} + 3S_{432} + 3S_{4311} + 5S_{4221} + 3S_{333} + 4S_{3321} + 3S_{3222}.

Remind that the partitons λ with depth > 4 do not appear in the above decomposition because dim V = 4. The coefficient of S_λ implies its multiplicity. In the following, we often call the irreducible component S_λ in S^p(∧^2V ⊗ V )^∗ covariant.

Remark. Theoretically, we can continue to decompose the space S^p(∧^2V ⊗V )^∗ for large p. But unfortunately, closed decomposition formulas of S^p(∧^2V ⊗ V )^∗ for general p are not known yet even in the case dim V = 4. We often encounter this type of difficulty in considering multi-tensor spaces, and we must find some new method to understand these spaces (cf. [1], [2], [13], [32]).

Next, of all irreducible components of S^p(∧^2V ⊗V )^∗ (p ≤ 3), we give here generators p_λ of S_λ for nine components. We can determine the isomorphism classes of 4-dimensional Lie algebras in terms of these nine irreducible components. (We omit to give the generators of the remaining irreducible components because we do not use them in this paper.) As a result, for the components with multiplicity > 1, at most one component is selected here, and we express it simply as S_λ because there is no danger of confusion. By fixing a basis {X_1, · · · , X_4} of V , we have the following list:

• p = 1:

p_{21} = c^1_{34} ∈ S_{21},

p_{111} = c^1_4 + c^2_4 + c^3_4 = −Tr ad X_4 ∈ S_{111},

• p = 2:

p_{321} = c^1_{24}c^2_{34} − c^1_{34}c^2_4 ∈ S_{321},

p_{3111} = c^1_2c^1_{34} − c^1_3c^1_{24} + c^1_4c^1_{23} ∈ S_{3111},

p_{222} = c^1_4c^2_4 + c^1_4c^3_4 − c^1_{24}c^2_{14} − c^1_{34}c^3_{14} + c^2_4c^3_4 − c^2_{34}c^3_{24} = 1/2 · {(Tr ad X_4)^2 − Tr (ad X_4)^2} ∈ S_{222},

• p = 3:

p_{441} = c^1_4c^1_{34}c^2_{34} + c^1_{24}(c^2_{34})^2 − (c^1_{34})^2c^2_{14} − c^1_{34}c^2_4c^2_{34} ∈ S_{441},

p_{4221} = | | | | | c^1_{23} c^2_3 c^3_{23} c^1_{24} c^2_4 c^3_{24} c^1_{34} c^2_{34} c^3_4

| | | | | ∈ S_{4221},

p_{333} = | | | | | | c^1_4 c^2_{14} c^3_{14} c^1_{24} c^2_4 c^3_{24} c^1_{34} c^2_{34} c^3_4

| | | | | | = −1/6 · {(Tr ad X_4)^3 − 3 Tr adX_4 · Tr (ad X_4)^2 + 2 Tr (ad X_4)^3}

∈ S_{333}, p_{3222} = | | | | | | c^1_2 c^2_{12} c^3_{12}

c^1_{23} c^2_3 c^3_{23}

c^1_{34} c^2_{34} c^3_4

| | | | | | + | | | | | | c^1_2 c^2_{12} c^4_{12}

c^1_{24} c^2_4 c^4_{24}

c^1_{34} c^2_{34} c^4_{34}

| | | | | | + | | | | | | c^1_3 c^3_{13} c^4_{13}

c^1_{24} c^3_{24} c^4_{24}

c^1_{34} c^3_4 c^4_{34}

| | | | | | − | | | | | | c^1_3 c^2_{13} c^3_{13}

c^1_{23} c^2_3 c^3_{23}

c^1_{24} c^2_4 c^3_{24}

| | | | | | − | | | | | c^1_4 c^2_{14} c^4_{14}

c^1_{23} c^2_3 c^4_{23}

c^1_{24} c^2_4 c^4_{24}

| | | | | − | | | | | c^1_4 c^3_{14} c^4_{14}

c^1_{23} c^3_{23} c^4_{23}

c^1_{34} c^3_4 c^4_{34}

| | | | | + 2 | | | | | c^2_3 c^3_{23} c^4_{23}

c^2_4 c^3_{24} c^4_{24}

c^2_{34} c^3_4 c^4_{34}

| | | | | ∈ S_{3222}.

These generators can be obtained by applying the method satated in [1; p.115 ∼ 116].

We give one example. We denote by {ω_1, · · · , ω_4} the dual basis of {X_1, · · · , X_4}. Then,

the bracket [ , ] ∈ ∧^2V^∗ ⊗ V is expressed as Σ_{i<j} c^k_{ij} ω_i ∧ ω_j ⊗ X_k. In terms of the volume

form Ω = ω_1 ∧ · · · ∧ ω_4, this bracket is transformed into the element Σ_{i<j} a_{ijk}X_i ∧ X_j ⊗ X_k

∈ ∧^2V ⊗ V , where a_{12k} = c^k_{34}, a_{13k} = −c^k_{24}, a_{14k} = c^k_{23}, a_{23k} = c^k_{14}, a_{24k} = −c^k_{13}, a_{34k} = c^k_{12}.

Then, the generator of the space S_{321} ⊂ S^2(∧^2V ⊗ V )^∗ is given by ∑ σ∈S_3,τ ∈S_2 (−1)

σ(−1)^τ a_{σ(1)τ (1)σ(2)}a_{1τ (2)σ(3)} = a_{121}a_{132} − a_{122}a_{131}

= c^1_{24}c^2_{34} − c^1_{34}c^2_4

= p_{321}.

Here, S_n denotes the symmetric group with degree n and (−1)^σ denotes the sign of

σ ∈ S_n. Other generators can be calculated in the same way. But it requires many hard

computations on polynomials, and for most cases, we used computers to calculate p_λ. Of

course, the polynomial p_λ essentially depends on the choice of a basis of V .

Note that the set of sixteen polynomials appearing in the Jacobi identity splits into

two irreducible components of S^2(∧^2V ⊗ V )^∗: S_{2211} and one component of 2S_{3111}. (We

have dim S_{2211} = 6 and dim S_{3111} = 10.)

Among the above generators, three polynomials p_{111}, p_{222}, p_{333} play an important role,

especially in §4 where we define the invariants of 4-dimensional Lie algebras. In addition,

the cubic polynomial

φ_1 = 8p_{333} − 4p_{111}p_{222} + p^3_{111} ∈ S_{333}

also plays an important role. (Actually, it gives a part of the defining equations of the

variety Σ_3. See Proposition 9 in §5.) We express the eigenvalues of ad X (X ∈ g) as {0,

ε_1, ε_2, ε_3}. Then, by putting X_4 = X in the above list of generators, we have immediately

p_{111} = −(ε_1 + ε_2 + ε_3),

p_{222} = ε_1ε_2 + ε_2ε_3 + ε_3ε_1,

p_{333} = −ε_1ε_2ε_3.

(In particular, the characteristic polynomial of ad X is expressed as |λI − ad X| = λ(λ^3 +

p_{111}λ^2 + p_{222}λ + p_{333}).) By substituting these values to the above φ_1, we have

φ_1 = (ε_1 + ε_2 − ε_3)(ε_1 + ε_3 − ε_2)(ε_2 + ε_3 − ε_1).

Hence, the vanishing of this polynomial also expresses an intrinsic property of g (cf. Propo-

sition 4). The following sextic polynomial φ_2 = 3(3p_{333} − p_{111}p_{222})^2 + 4(p^3_{222} − p^2_{111}p^2_{22} + p^3_{111}p_{333}) ∈ S_{666} ⊂ S^6(∧^2V ⊗ V )^∗

also possesses an intrinsic meaning. In fact, by substituting p_{111}, p_{222} and p_{333} in the same way as above, we have

φ_2 = −(ε_1 − ε_2)^2(ε_2 − ε_3)^2(ε_3 − ε_1)^2,

which implies that φ_2 may be considered as a sort of discriminant. (But in this paper, we do not explicitly use this polynomial φ_2.)

As stated above, the generator p_λ ∈ S_λ depends on the choice of a basis {X_1, · · · , X_4}. Hence, the vanishing or non-vanishing of p_λ has no intrinsic meaning. But the vanishing of all polynomials in S_λ possesses an intrinsic meaning of g. In the following, we express this situation symbolically as “S_λ = 0”, and often say that the covariant S_λ vanishes for g. Our next task is to clarify the intrinsic property of g defined by “S_λ = 0”. But, before stating these properties, we give a table summarizing the vanishing or non-vanishing of S_λ for each Lie algebra L_i in the next page (Table 3). The symbol “0” in Table 3 implies “S_λ = 0”, and the symbol “∗” implies that there exists a non-vanishing polynomial in S_λ. To check these results, we have only to evaluate the generator p_λ of S_λ for a generic basis of L_i. In actual calculations, we used computers. We use Table 3 frequently in the subsequent sections.

§3. Intrinsic concepts determined by the vanishing of covariants.

In this section, we state several intrinsic concepts of g determined by the vanishing of covariants appeared in §2. The results are summarized in the following proposition. Most concepts appearing in this proposition are actually used in the algorithm to determine the isomorphism classes of Lie algebras which we will state in §6. Here, the symbol ⟨φ_i⟩ = 0 means the vanishing of the irreducible component of S^p(∧^2V ⊗ V )^∗ generated by the polynomial φ_i, and we denote by {0, ε_1, ε_2, ε_3} the eigenvalues of ad X for generic X ∈ g, as before.

Proposition 4. (1) S_{21} = 0 if and only if there exists an element f ∈ g^∗ such that [X, Y ] = f(X)Y − f(Y )X.

(2) S_{111} = 0 if and only if g is unimodular.

(3) S_{3111} = 0 if and only if dα ∧ dα = 0 for any α ∈ g^∗. (The condition dα ∧ dα = 0 is equivalent to the decomposability of dα for the 4-dimensional case).

(4) S_{222} = 0 if and only if ε_1ε_2 + ε_2ε_3 + ε_3ε_1 = 0.

(5) S_{441} = 0 if and only if dim ⟨X, Y, [X, Y ], [X, [X, Y ]]⟩ ≤ 3 for any X, Y ∈ g. (6) S_{4221} = 0 if and only if dim ⟨[X, Y ], [Y, Z], [Z, X]⟩ ≤ 2 for any X, Y , Z ∈ g. This condition is also equivalent to [[g, g], [g, g]] = 0.

(7) S_{333} = 0 if and only if some ε_i = 0. This condition is also equivalent to rank ad X ≤ 2 for any X ∈ g.

4-dimensional Lie algebras 13

Table 3

S_{21} S_{111} S_{321} S_{3111} S_{222} L_0 0 0 0 0 0 L_1 ∗ 0 0 0 0 L_2 ∗ 0 ∗ 0 0 L_3 0 ∗ 0 0 ∗ L_4(α) ∗ { 0 α = −2 ∗ α ≠ −2 { 0 α = ∞ ∗ α ≠ ∞ 0 { 0 α = −1/2, ∞ ∗ α ≠ −1/2, ∞

L_5 ∗ ∗ ∗ ∗ ∗ L_6 ∗ 0 ∗ 0 ∗ L_7(α, β) ∗ { 0 α + β = −1 ∗ α + β ≠ −1 ∗ 0 { 0 αβ + α + β = 0 ∗ αβ + α + β ≠ 0

L_8(α) ∗ { 0 α = −1 ∗ α ≠ −1 ∗ { 0 α = −1 ∗ α ≠ −1 { 0 α^2 + 3α + 1 = 0 ∗ α^2 + 3α + 1 ≠ 0

L_9 ∗ ∗ ∗ ∗ ∗

S_{441} S_{4221} S_{333} S_{3222} φ_1 φ_2 L_0 0 0 0 0 0 0 L_1 0 0 0 0 0 0 L_2 ∗ 0 0 0 0 0 L_3 0 0 ∗ 0 ∗ 0 L_4(α) 0 0 { 0 α = 0, ∞ ∗ α ≠ 0, ∞ 0 { 0 α = 0, 2 ∗ α ≠ 0, 2 0

L_5 0 ∗ ∗ 0 0 0 L_6 ∗ ∗ 0 ∗ 0 ∗ L_7(α, β) ∗ 0 { 0 α or β = 0 ∗ α, β ≠ 0 0 (∗)^1 (∗)^2

L_8(α) ∗ { 0 α = 0 ∗ α ≠ 0 { 0 α = 0, −1 ∗ α ≠ 0, −1 0 0 { 0 α = 0, 1 ∗ α ≠ 0, 1

L_9 ∗ 0 0 0 ∗ ∗

(∗)_1 : { 0 |α − β| = 1 or α + β = 1, ∗ |α − β| ≠ 1, α + β ≠ 1,

(∗)_2 : { 0 α = β or α = 1 or β = 1, ∗ α ≠ β, α ≠ 1, β ≠ 1.

(8) S_{3222} = 0 if and only if dim [[g, g], [g, g]] ≤ 1 (or equivalently ≤ 2). This condition is also equivalent to the solvability of g.

(9) S_{21} = S_{111} = 0 if and only if g is abelian. (10) S_{111} = S_{222} = S_{333} = 0 if and only if g is nilpotent.

(11) S_{321} = S_{222} = 0 if and only if dim [g, g] ≤ 1. This condition is also equivalent to rank ad X ≤ 1 for any X ∈ g.

(12) S_{4221} = S_{333} = 0 if and only if dim [g, g] ≤ 2. (13) ⟨φ_1⟩ = 0 if and only if ε_i = ε_j + ε_k for some distinct i, j, k. (14) ⟨φ_2⟩ = 0 if and only if ε_i = ε_j for some i ≠ j.

Proof. (1), (2), (9). We put f(X) =^1_3 Tr ad X, and define a new bracket operation [ , ]^′ by [X, Y ]^′ = [X, Y ]−f(X)Y +f(Y )X. Then, we have [X, Y ] = [X, Y ]^′+{f(X)Y −f(Y )X}, and this gives the GL(V )-irreducible decomposition of the space ∧^2V^∗ ⊗ V . In fact, we already know that the space ∧^2V^∗ ⊗ V splits into two irreducible components (Proposition 3). And it is easy to see that the trace of the adjoint map Y → [X, Y ]^′ is zero for any X. Hence, [ , ]^′ gives the traceless part, and f(X)Y − f(Y )X gives the contracted part of [ , ] ∈ ∧^2V^∗ ⊗ V , respectively. By definition, the condition S_{111} = 0 is equivalent to the unimodularity of g, i.e., the vanishing of f. And hence, the remaining condition S_{21} = 0 is equivalent to [ , ]^′ = 0, i.e., [X, Y ] is expressed as f(X)Y − f(Y )X. Clearly, combined conditions S_{21} = S_{111} = 0 are equivalent to c^k_{ij} = 0, which implies that g is abelian.

(3) The condition S_{3111} = 0 is equivalent to the vanishing of ten polynomials c^i_{12}c^j_{34} − c^i_{13}c^j_{24} + c^i_{14}c^j_{23} + c^i_{34}c^j_{12} − c^i_{24}c^j_{13} + c^i_{23}c^j_{14}. Since dα(X_i, X_j ) = −α([X_i, X_j ]) = −Σ c^k_{ij} α(X_k ) for α ∈ g^∗ and X_i ∈ g, this condition is equivalent to (dα ∧ dα)(X_1, · · · , X_4) = 0.

(4), (7), (13), (14). These are clear from the definition of p_{222}, p_{333}, φ_1, φ_2. For the second statement in (7), we can directly check that the Lie algebras satisfying the condition rank ad X ≤ 2 for any X ∈ g are exhausted by L_0, L_1, L_2, L_4(0), L_4(∞), L_6, L_7(α, 0), L_8(0), L_8(−1), L_9, and by using Table 3, we can show that these Lie algebras are just characterized by the condition S_{333} = 0.

(5) We can rewrite the polynomial p_{441} in the form

p_{441} = | | | c^{134} Σ^k c^{14k}c^{k34} c^2_{34} Σ_k c^2_{4k}c^k_{34} | | | . Then, it is easy to check that this polynomial is equal to the determinant of the matrix (X_3, X_4, [X_4, X_3], [X_4, [X_4, X_3]]) in case X_1 ∼ X_4 are linearly independent. Hence, the condition S_{441} = 0 is equivalent to dim ⟨X, Y, [X, Y ], [X, [X, Y ]]⟩ ≤ 3 for any X, Y ∈ g.

(6) The polynomial p_{4221} is equal to the principal minor of the (4, 3)-matrix ([X_2, X_3], [X_2, X_4], [X_3, X_4]). Hence, the condition S_{4221} = 0 is equivalent to dim ⟨[X, Y ], [Y, Z], [Z, X]⟩ ≤ 2 for any X, Y , Z ∈ g. In view of Table 2 and Table 3, we can check that this condition is just equivalent to [[g, g], [g, g]] = 0.

(8), (10), (11), (12). These statements can be directly verified by using Table 1 ∼ Table 3. q.e.d.

Remark. (1) In the above proof, we often used the classification table. But, it is desirable to prove this proposition in an intrinsic way without the help of the classification.

(2) Among the above conditions, the condition S_{3111} = 0 in (3) plays a crucial role in considering the existence or non-existence of left invariant symplectic strucutres on 4-dimensional complex Lie groups. For details, see [6].

(3) Unfortunately, we do not know what does the single condition S_{321} = 0 geometrically means.

(4) As we stated before, 4-dimensional Lie algebras are unimodular or solvable. The same fact also holds for 3-dimensional Lie algebras. In the 3-dimensional case, all Lie algebras satisfy the so-called “fundamental identity”: S_{X,Y,Z} (Tr ad X) · [Y, Z] = 0, where S implies the cyclic sum. And by using this identity, we can show the above fact directly without the help of the classification (cf. [5; p.6 ∼ 8]). But, we do not know whether there exists a similar “fundamental identity” for 4-dimensional Lie algebras, by which we can directly prove the above fact. (From the polynomial viewpoint, the Jacobi identity implies S_{111} = 0 or S_{3222} = 0, as a result of the classification.)

§4. Invariants of 4-dimensional Lie algebras.

To distinguish the isomorphism classes of Lie algebras, we need more delicate additional devices. For example, as stated in Proposition 1, two Lie algebras L_4(α) and L_4(α^′) are isomorphic if and only if α = α^′. Hence, we must extract the value α from the Lie algebra structure of L_4(α) in order to determine the isomorphism class. For this purpose, we introduce three fundamental invariants of 4-dimensional Lie algebras taking values in C ∪ {∞} as follows:

χ_1(g) = p_{222} p^2_{111}

, χ_2(g) = p_{333} p^3_{111}

, χ_3(g) = p^2_{333} p^3_{222} . Clearly, these invariants satisfy the relation χ_1(g)^3χ_3(g) = χ_2(g)^2. We express the eigenvalues of adX (X ∈ g) as {0, ε_1, ε_2, ε_3} as before. Then, by substituting p_{111} = −(ε_1+ε_2 +ε_3), p_{222} = ε_1ε_2 + ε_2ε_3 + ε_3ε_1, p_{333} = −ε_1ε_2ε_3 into the above, we know that χ_i(g) are essentially determined by the ratio of ε_i, which indicates that χ_i(g) are the intrinsic invariants of g. But, there are some exceptional cases. For the nilpotent Lie algebras L_0, L_1 and L_2, the invariants χ_i(g) are undetermined because p_{111} = p_{222} = p_{333} = 0 for these cases. In addition, the following special cases are also undetermined because both denominators and numerators simultaneously vanish.

χ_1(g) : L_7(α, β) (α + β = −1, αβ = 1), χ_2(g) : L_6, L_7(−1, 0), L_8(−1), χ_3(g) : L_4(∞), L_7(0, 0).

As for the Lie algebra L_9, the ratio of ε_i has not an intrinsic meaning, and hence χ_1(g) is also undetermined. But, since one ε_i is always zero, we have p_{333} = 0. Hence, we put χ_2(g) = χ_3(g) = 0 for this Lie algebra.

We can easily calculate the explicit values of χ_i(L_j ) in view of Table 2. But the calculation of χ_i(g) for a general (un-normalized) Lie algebra g requires not a little computations on matrices. Namely, we first calculate the values Tr (ad X)^k (k = 1 ∼ 3) for generic X ∈ g. Then, by the definition of p_{kkk} , we have

p_{111} = −Tr ad X, p_{222} =^1_2 {(Tr ad X)^2 − Tr (ad X)^2}, p_{333} = −^1_6 {(Tr ad X)^3 − 3 Tr ad X · Tr (ad X)^2 + 2 Tr (ad X)^3},

and theoretically, χ_i(g) are determined from these values. (See the examples at the end of §6.)

In general, the value χ_3(g) is automatically determined by χ_1(g) and χ_2(g). This third invariant χ_3(g) is mainly used in case S_{111} = 0, i.e., for unimodular Lie algebras. (See Proposition 5 (3).)

We summarize the explicit values of χ_i(L_j ) in Table 4. The symbol “ − ” in this table implies that it is undetermined.

Table 4

χ_1(g) χ_2(g) χ_3(g) L_3^1_3^1_{27}^1_{27}

L_4(α)^{2α+1}_{(α+2)2}^α_{(α+2)3} { − α = ∞

α^2 (2α+1)^3 α ≠ ∞

L_5^5_{16}^1_{32}^4_{125} L_6 ∞ − 0 L_7(α, β)^{αβ+α+β}

(α+β+1)^2 (∗)1 αβ (α+β+1)^3 (∗)2 α^2β^2 (αβ+α+β)^3 (∗)3

L_8(α)^{α2+3α+1}_{4(α+1)2} { − α = −1 α 8(α+1)^2 α ≠ −1 α^2(α+1)^2 (α^2+3α+1)^3

L_9 − 0 0

(∗)_1 : undetermined in case α + β = −1, αβ = 1. (∗)_2 : undetermined in case (α, β) = (−1, 0), (0, −1).

(∗)_3 : undetermined in case α = β = 0. If β = −α − 1, we have χ_3(g) = −^{α2(α+1)2}_{(α2+α+1)3} .

In terms of these invariants, the parameters α and β in L_4, L_7, L_8 are essentially uniquely determined as follows.

Proposition 5. (1) L_4(α) is isomorphic to L_4(α^′) if and only if χ_1(L_4(α)) = χ_1(L_4(α^′)) and χ_2(L_4(α)) = χ_2(L_4(α^′)). In this case, the parameter α is given by

α = ∞ χ_1 = χ_2 = 0, −2 χ_1 = ∞, 1 χ_1 =^1_3 ,

2χ_2(1−3χ_1) χ_1^2 +3χ_1χ_2−4χ_2 otherwise.

For this Lie algebra, χ_1 and χ_2 satisfy the relation 3(3χ_2 − χ_1)^2 + 4(χ_1^3 − χ_1^2 + χ_2) = 0 in case they have finite values.

(2) L_7(α, β) (α + β ≠ −1, α, β ≠ 0) is isomorphic to L_7(α^′, β^′) (α^′ + β^′ ≠ −1, α^′, β^′ ≠ 0) if and only if χ_1(L_7(α, β)) = χ_1(L_7(α^′, β^′)) and χ_2(L_7(α, β)) = χ_2(L_7(α^′, β^′)). The parameters α and β are determined from χ_1, χ_2 by two conditions α + β = a − 1 and αβ = χ_2a^3, where a is a complex number satisfying the condition χ_2a^3 − χ_1a^2 + a − 1 = 0.

(3) L_7(α, −(α + 1)) (α ≠ 0, −1) is isomorphic to L_7(α^′, −(α^′ + 1)) (α^′ ≠ 0, −1) if and only if χ_3(L_7(α, −(α + 1))) = χ_3(L_7(α^′, −(α^′ + 1))). The parameter α is determined from the equation χ_3 = −α^2(α + 1)^2/(α^2 + α + 1)^3 if χ_3 ≠ ∞. In case χ_3 = ∞, we have α = (−1 ± √ 3i)/2, both of which define the isomorphic Lie algebras.

(4) L_7(α, 0) is isomorphic to L_7(α^′, 0) if and only if χ_1(L_7(α, 0)) = χ_1(L_7(α^′, 0)). The parameter α is determined from the equation χ_1 = α/(α + 1)^2 if χ_1 ≠ ∞. In case χ_1 = ∞, we have α = −1.

(5) L_8(α) is isomorphic to L_8(α^′) if and only if χ_1(L_8(α)) = χ_1(L_8(α^′)). The parameter α is determined from the equation χ_1 = (α^2 + 3α + 1)/(4(α + 1)^2) if χ_1 ≠ ∞. In case χ_1 = ∞, we have α = −1.

Proof. We prove the “if” part of this proposition. The “only if” part is clear from the definition of χ_i(g).

(1) Assume α ≠ 1, −2, ∞. Then, from the definition of χ_1(g) and χ_2(g), we have

2χ_2(1 − 3χ_1) =^{2α(α−1)2}_{(α+2)5} , χ_1^2 + 3χ_1χ_2 − 4χ_2 =^{2(α−1)2}_{(α+2)5}

for g = L_4(α). Hence, the value α is uniquely determined from χ_1(g) and χ_2(g). For the remaining cases, we can easily check that α is also uniquely determined from the values χ_1(g), χ_2(g).

(2) Assume χ_1(L_7(α, β)) = χ_1(L_7(α^′, β^′)) and χ_2(L_7(α, β)) = χ_2(L_7(α^′, β^′)). From the condition α, β ≠ 0, we have χ_2 ≠ 0, and it is easy to see that the solutions of the cubic equation χ_2t^3 − χ_1t^2 + t − 1 = 0 are α + β + 1, (α + β + 1)/α and (α + β + 1)/β if χ_1 = (αβ + α + β)/(α + β + 1)^2 and χ_2 = αβ/(α + β + 1)^3. Replacing α, β by α^′, β^′ and considering the same cubic equation, we know that two sets of solutions { α + β + 1, α + β + 1 α , α + β + 1 β } and { α^′ + β^′ + 1, α^′ + β^′ + 1 α^′ , α^′ + β^′ + 1 β^′ }

must coincide. There are six combinations of correspondence between these two sets, and by checking them, it follows that (α^′, β^′) is equal to one of the following:

(α, β), (β, α), ( 1 α , β α ) , ( β α , 1 α ) , ( 1 β , α β ) , ( α β , 1 β ) . For any case, two unordered ratios 1 : α : β and 1 : α^′ : β^′ coincide, and hence we have L_7(α, β) ∼= L_7(α^′, β^′).

Next, we determine the values of parameters α, β from χ_1 and χ_2. We assume that the invariants are expressed as χ_1 = (α_0β_0 + α_0 + β_0)/(α_0 + β_0 + 1)^2, χ_2 = α_0β_0/(α_0 + β_0 + 1)^3 for some α_0, β_0 (α_0 + β_0 ≠ −1, α_0, β_0 ≠ 0). And let a be a solution of the cubic equation χ_2t^3 −χ_1t^2+t−1 = 0. Then, as we see above, a is equal to one of α_0 +β_0+1, (α_0 +β_0+1)/α_0 and (α_0 + β_0 + 1)/β_0. First, we take a solution a = α_0 + β_0 + 1. Then, the equations α + β = a − 1 and αβ = χ_2a^3 are equivalent to α + β = α_0 + β_0 and αβ = α_0β_0, which implies that (α, β) = (α_0, β_0) or (β_0, α_0). If we take a different solution a = (α_0 + β_0 + 1)/α_0, then we have α + β = a − 1 = (β_0 + 1)/α_0 and αβ = χ_2a^3 = β_0/α_0^2. In this case, we have (α, β) = (^{β0}_{α0} ,^1_{α0} ) or (^1_{α0} ,^{β0}_{α0} ), and hence, L_7(α, β) ∼= L_7(^{β0}_{α0} ,^1_{α0} ) ∼= L_7(α_0, β_0). By using the third solution a = (α_0 + β_0 + 1)/β_0, we obtain the same conclusion. Hence, we may say that the parameters α and β are essentially determined from χ_1 and χ_2, by the procedure stated in (2).

(3) Assume χ_3(L_7(α, −(α+1))) = χ_3(L_7(α^′, −(α^′+1))) ≠ ∞. Then, we have −^{α2(α+1)2}_{(α2+α+1)3}

= −^{α′2(α′+1)2}

(α^{′2}+α^′ +1)^3 , and by solving this sextic equation, we have

α^′ = α, 1 α , −(α + 1), −1 α + 1 , − α + 1 α , −α α + 1 . Hence, for any case, the unordered ratios 1 : α : −(α + 1) and 1 : α^′ : −(α^′ + 1) coincide, which implies L_7(α, −(α+1)) ∼= L_7(α^′, −(α^′+1)). If χ_3(L_7(α, −(α+1))) = ∞, then we have α = (−1 ± √ 3i)/2, and this Lie algebras is isomorphic to L_7((−1 + √ 3i)/2, (−1 − √ 3i)/2).

(4) Assume χ_1(L_7(α, 0)) = χ_1(L_7(α^′, 0)) ≠ 0, ∞. Then, from this condition, we have easily α = α^′ or αα^′ = 1, and hence L_7(α, 0) is isomorphic to L_7(α^′, 0). If χ_1(L_7(α, 0)) = 0 (resp. ∞), then we have α = 0 (resp. −1), and L_7(α, 0) is also uniquely determined.

(5) If χ_1(L_8(α)) = χ_1(L_8(α^′)) ≠ ∞, then we have α = α^′ or αα^′ = 1 from this condition, which implies L_8(α) ∼= L_8(α^′). In case χ_1(L_8(α)) = ∞, we have α = −1, and L_8(α) is also uniquely determined. q.e.d.

Remark. The invariant χ_3(g) for the unimodular Lie algebra L_7(α, −(α + 1)) resembles the j-invariant of the elliptic curve y^2 = x(x+1)(x−α), where j = 2^{8 (α2+α+1)3}_{α2(α+1)2} (cf. [16], [26; p.140]). The invariant χ_3(L_7(α, −(α + 1))) is a rational function of α, and it is invariant under the action of the symmetric group S_3 consisting of transformations α → α^′ given in the proof of (3). This is essentially the unique rational function of α possessing this property.

In §3, we explained the intrinsic properties of g defined by the vanishing of φ_1, φ_2. These properties can be also expressed in terms of the invariants χ_1(g) and χ_2(g). In fact, for Lie algebras having finite values of χ_1(g), χ_2(g), we can easily show that the condition ⟨φ_1⟩ = 0 is equivalent to 4χ_1 = 8χ_2 + 1, and ⟨φ_2⟩ = 0 is equivalent to 3(3χ_2 − χ_1)^2 + 4(χ_1^3 − χ_1^2 + χ_2) = 0. Note that the second condition appears in Proposition 5 (1) above.

We can also describe several intrinsic properties of g in terms of these invariants. For example, we can verify that the rank of the exterior differential map d : ∧^2g^∗ −→ ∧^3g^∗ is 3 for “generic” Lie algebras, and the set of “singular” Lie algebras satisfying rank d ≤ 2 constitutes a reducible algebraic subset of ∧^2V^∗ ⊗ V . We can characterize this algebraic set in terms of the covariants S_λ and invariants χ_i appeared in §2 and §4. (For details, see [6].) This result plays an essential role in considering left invariant symplectic structures on 4-dimensional complex Lie groups.

Our invariants χ_1(g) and χ_2(g) are essentially related to the (i, j)-invariants introduced in [7; p.734]. In fact, it is easy to see that any (i, j)-invariant of [7] can be expressed as a rational function of χ_1 and χ_2 because it is equal to

(ε_1^i + ε_2^i + ε_3^i)(ε_1^j + ε_2^j + ε_3^j ) ε_1^{i+j} + ε_2^{i+j} + ε_3^{i+j}

in our notation. For example, we have

(1, 1)-invariant = 1 1 − 2χ_1

, (2, 1)-invariant =

1 − 2χ_1 1 − 3χ_1 + 3χ_2 , (3, 1)-invariant =

1 − 3χ_1 + 3χ_2 1 − 4χ_1 + 2χ_1^2 + 4χ_2

, (2, 2)-invariant =

(1 − 2χ_1)^2 1 − 4χ_1 + 2χ_1^2 + 4χ_2 , etc.

§5. Varieties of 4-dimensional Lie algebras and their degenerations.

As a by-product of the results in the previous sections, we can describe the varieties and the degenerations of 4-dimensional Lie algebras. It is convenient to summarize these results before exhibiting an algorithm to determine the isomorphism classes because they give one basis of the understanding of the algorithm. The results in Proposition 6 and Proposition 8 are essentially already known. But, these results are summarized in a comparatively simple form, on account of our normal forms that are fitted to describe degenerations.

We first recall the definition of degeneration. We say that a Lie algebra g_1 degenerates to g_2 if g_1 ≇ g_2 and g_2 ∈ O(g_1), where O(g_1) denotes the Zariski closure of the GL(V )-orbit O(g_1). In this case, we have dim O(g_1) > dim O(g_2). Degenerations of 4-dimensional complex Lie algebras are already completely determined in [7; p.736]. Here, we re-summarize the results in terms of our normal forms. In the following, the symbol g_1^{deg}−→ g_2 implies that g_1 degenerates to g_2. (We sometimes drop the symbol “deg” on the arrow if there is no danger of confusion.) Note that the notion of degeneration is transitive, i.e., if g_1^{deg}−→ g_2 and g_2^{deg}−→ g_3, then we have g_1^{deg}−→ g_3.

Proposition 6 (cf. [7; p.736]). Essential degenerations of 4-dimensional complex Lie algebras are exhausted by the following, i.e., all degenerations are obtained by composing the following degenerations :

L_4(1) −→ L_3 −→ L_0, L_6 −→ L_8(−1), L_7(α, β) −→ L_2 −→ L_1 −→ L_0, L_7(α, 1) −→ L_4(α) −→ L_1 (α ∈ C ∪ {∞}), L_8(α) −→ L_7(α, α + 1), L_8(1) −→ L_5 −→ L_4(2), L_9 −→ L_7(α, 0), L_9 −→ L_8(0).

(Note that we use the notational convention L_7(∞, 1) = L_7(0, 0) as stated in §1.)

Outline of the proof. We explicitly construct a curve in ∧^2V^∗ ⊗ V which expresses a degeneration for each case. For example, the Lie algebra

[X_1, X_2] = X_3, [X_1, X_3] = X_4, [X_1, X_4] = t^3αβX_2 − t^2(αβ + α + β)X_3 + t(α + β + 1)X_4

is isomorphic to L_7(α, β) in case t ≠ 0, and to L_2 in case t = 0. The Lie algebra

[X_1, X_2] = X_2 + X_4, [X_1, X_3] = X_2 + αX_3, [X_1, X_4] = (α + 1)X_4, [X_2, X_3] = tX_4

is isomorphic to L_8(α) in case t ≠ 0, and to L_7(α, α + 1) in case t = 0. These facts show that there exist degenerations L_7(α, β)^{deg}−→ L_2 and L_8(α)^{deg}−→ L_7(α, α + 1). Remaining degenerations can be checked in a similar way.

On the other hand, we need several devices to show the non-existence of degenerations. First, as we stated before, if dim O(g_1) ≤ dim O(g_2), then g_1 cannot degenerate to g_2. In case dim O(g_1) > dim O(g_2), we show the non-existence of degenerations by using the covariants and invariants which we introduced in §2 and §4. For example, for the Lie algebra L_2, we have S_{111} = S_{222} = 0 from Table 3. But, for the Lie algebra L_4(α), two covariants S_{111} and S_{222} cannot simultaneously vanish, which implies that a degeneration L_2^{deg}−→ L_4(α) does not exist for any α. (Note that dim O(L_2) = 9 > dim O(L_4(α)) = 8.) As another example, we consider the case L_7(α, β)^{deg}−→ L_3. In case α + β + 1 = 0, we can show the non-existence of degenerations in the same way as above by using the covariant S_{111}. In case α + β + 1 ≠ 0, we use two invariants χ_1 and χ_2 to check the non-existence of degenerations. Note that in this case, χ_1 and χ_2 are well-defined for both Lie algebras. If there exists a degeneration L_7(α, β)^{deg}−→ L_3, then the values of invariants of L_7(α, β) must coincide with that of L_3 because L_3 is contained in the Zariski closure of the GL(V )-orbit of L_7(α, β). Hence, from Table 4, we obtain two conditions

(α + β)^2 − 3αβ − (α + β) + 1 = 0, (α + β)^3 + 3(α + β)^2 − 27αβ + 3(α + β) + 1 = 0.

From these conditions, we have immediately α = β = 1, which implies that L_7(α, β) cannot degenerate to L_3 in case (α, β) ≠ (1, 1). (We already know the existence of a degeneration

L_7(1, 1)^{deg}−→ L_3.) For the remaining cases not listed in Proposition 6, we can similarly prove the non-existence of degenerations. Note that for this purpose, we have only to use the covariants S_{111}, S_{222}, S_{333} (and three invariants χ_1, χ_2, χ_3), except for the cases L_7(α, β)^{deg}−→ L_5 and L_9^{deg}−→ L_8(α) (α ≠ 0). For these two exceptional cases, we use the covariant S_{4221} to show the non-existence of degenerations. q.e.d.

Remark. (1) Two Lie algebras L_6 and L_9 are sums of lower dimensional Lie algebras. But their degenerate Lie algebras are not necessarily expressed as sums of Lie algebras such as L_8(−1), L_8(0), L_2 (cf. Remark (1) after Proposition 1).

(2) Nilpotent Lie algebras are all contained in O(L_2) (cf. Proposition 10 (7)).

As a corollary of Proposition 6, we can show several facts on the variety of 4-dimensional Lie algebras. But, before stating them, we first calculate the cohomology space of g for later use.

Proposition 7. The dimensions of the second cohomology space H^2(g, g) with coefficients in the adjoint representation are given as follows :

dim H^2(g, g) L_0 24 L_1 13 L_2 6 L_3 8

L_4(α)

7 α = 0 6 α = ∞ 5 α = 2 4 α ≠ 0, 2, ∞ L_5 3 dim H^2(g, g) L_6 0

L_7(α, β)

5 (α, β) = (−1, 0), (0, −1) 3 α ≠ −1, β = 0 or α ≠ −1, β = α + 1 2 α + β ≠ 1, |α − β| ≠ 1, α, β ≠ 0

L_8(α) { 2 α = 0, −1 1 α ≠ 0, −1 L_9 0

We can check this result by direct calculations. By the deformation theory of Lie algebras [24], the dimension of the space H^2(g, g) indicates the degree of freedom of non-trivial infinitesimal deformations of g. In particular, if H^2(g, g) = 0 (such as L_6, L_9), then g is rigid, i.e., the orbit space O(g) is a Zariski open set of ∧^2V^∗ ⊗ V , and its closure O(g) is irreducible.

From Proposition 6, the Lie algebras that cannot be expressed as degenerations of other Lie algebras are exhausted by L_6, L_7(α, β) (|α − β| ≠ 1, α ≠ 0, β ≠ 0), L_8(α) (α ≠ 0, −1) and L_9. (Note that the Lie algebra L_7(α, β) with α + β = 1 also should be excluded. But this Lie algebra is isomorphic to L_7(γ, γ + 1) for some γ. See Remark (3) after Proposition 1.) For two families of non-rigid Lie algebras L_7(α, β) and L_8(α), the number of parameters just coincide with the dimension of H^2(g, g) for generic parameters. Hence, we obtain the following well known fact on the irreducible decomposition of the variety of Lie algebras.

Proposition 8 (cf. [9], [12], [18], [25]). The algebraic set of ∧^2V^∗ ⊗ V consisting of all 4-dimensional Lie algebras splits into a union of four irreducible varieties Σ_1 ∼ Σ_4. These varieties are the Zariski closures of the following GL(V )-orbits.

Σ_1 = O(L_6), Σ_2 = ∪_{α,β} O(L_7(α, β)), Σ_3 = ∪_α O(L_8(α)), Σ_4 = O(L_9).

In view of Table 3, we can characterize these varieties in terms of GL(V )-invariant sets of polynomials with degree at most three.

Proposition 9. The defining equations of the varieties Σ_1 ∼ Σ_4 are given by :

Σ_1 : S_{111} = S_{333} = 0 (linear and cubic polynomials), Σ_2 : S_{3111} = S_{4221} = 0 (quadratic and cubic polynomials), Σ_3 : ⟨φ_1⟩ = S_{3222} = 0 (cubic polynomials), Σ_4 : S_{4221} = S_{333} = 0 (cubic polynomials),

in addition to the Jacobi identity.

Remark. By definition, a Lie algebra is defined by the vanishing of the quadratic polynomials of {c^k_{ij} } corresponding to the Jacobi identity. But by this proposition, {c^k_{ij} } also satisfies different types of additional polynomial relations, according to each variety Σ_i.

The orbit decompositions of Σ_i and their degenerations are summarized in Figure 1. For each variety Σ_i, we know that there exists one principal line of degenerations. But, there also appear several singular Lie algebras such as L_3, L_5, etc. and these degenerate Lie algebras make Figure 1 a little complicated. In particular, on account of these Lie algebras, it is hard to summarize all degenerations in “one” chart.

Note that the variety Σ_2 mainly consists of the Lie algebras L_7(α, β). Among them, Lie algebras which satisfy dimH^2(g, g) > 2 constitute a family {L_7(α, 0), L_7(α, α +1)} (cf. Proposition 7). And they just coincide with the ones that are situated in the intersection of other varieties Σ_1, Σ_3, Σ_4. Similar phenomenon occurs for the variety Σ_3 = ∪_α O(L_8(α)).

As another corollary of Proposition 6, we can state the “variety” version of Proposition 4 in the following form. In view of Table 3 and Figure 1, we can easily verify these statements.

Proposition 10. (1) S_{21} = 0 if and only if g ∈ O(L_3). (2) g is unimodular if and only if g ∈ Σ_1 ∪ ∪_αO(L_7(α, −α − 1)). (3) S_{3111} = 0 if and only if g ∈ Σ_1 ∪ Σ_2. (4) S_{441} = 0 if and only if g ∈ O(L_5) ∪ ∪_αO(L_4(α)). (5) [[g, g], [g, g]] = 0 (i.e., S_{4221} = 0) if and only if g ∈ Σ_2 ∪ Σ_4. (6) dim [[g, g], [g, g]] ≤ 1 (i.e., g is solvable) if and only if g ∈ Σ_2 ∪ Σ_3 ∪ Σ_4. (7) g is nilpotent (i.e., S_{111} = S_{222} = S_{333} = 0) if and only if g ∈ O(L_2).

Figure 1

0

6

9

10

11

12 dim O(g)

L_0

L_1

L_2

L_7(−1, 0)

L_8(−1)

L_6

Σ1

0

4

6

8

9

10 dim O(g)

L_3

L_4(1)

L_7(1, 1)

L_0

L_1

L_2

L_7(α, β) ( α ≠ β

α, β ≠ 1 )

L_4(α) ( α ∈ C ∪ {∞}

α ≠ 1 )

L_7(α, 1) ( α ∈ C ∪ {∞}

α ≠ 1 ) � � �

� � �

� � �

� � � � � �

� � � � � � Σ2 Note that L_7(∞, 1) = L_7(0, 0).

24 Y. Agaoka

Figure 1 (continued)

0

6

8

9

10

11 dim O(g)

L_4(0)

L_7(1, 0)

L_8(0)

L_0

L_1

L_2

L_7(α, α + 1) (α ≠ 0, 1)

L_8(α) (α ≠ 0, 1)

L_4(2)

L_7(2, 1)

L_8(1)

L_5 � � �

� � �

� � � � �

� � � � �

� � � � � � �

� � � �

Σ3

0

6

8

9

10

11

12 dim O(g)

L_4(0)

L_7(1, 0)

L_8(0)

L_0

L_1

L_2

L_7(α, 0) (α ≠ 0, 1)

L_9

L_4(∞)

L_7(0, 0)

� � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � �

Σ4

(8) dim [g, g] ≤ 1 (i.e., S_{321} = S_{222} = 0) if and only if g ∈ O(L_4(∞)). (9) dim [g, g] ≤ 2 (i.e., S_{4221} = S_{333} = 0) if and only if g ∈ Σ_4.

In particular, from the result (2), we know that the set of all 4-dimensional “unimodular” Lie algebras splits into two varieties with dimensions 12 and 11.

§6. An algorithm to determine the isomorphism classes of 4-dimensional Lie algebras.

Now, in this section, we give an algorithm to determine the isomorphism classes of 4- dimensional complex Lie algebras, by using the devices prepared in the previous sections. This algorithm is the main theme of the present paper.

First, among 4-dimensional Lie algebras, L_0, L_6, L_9 and non-abelian nilpotent Lie algebras L_1, L_2 can be characterized by simple methods. In fact, the Lie algebra L_6 has a characteristic property dim [[g, g], [g, g]] = 3, and the Lie algebra L_9 is uniquely characterized by the property that the ratio of the eigenvalues of ad X essentially depends on the choice of X. Nilpotent Lie algebras are characterized by the properties S_{111} = S_{222} = S_{333} = 0, which are also equivalent to ε_1 = ε_2 = ε_3 = 0, where {0, ε_1, ε_2, ε_3} are the eigenvalues of ad X for generic X (cf. Proposition 4 (10)). Three nilpotent Lie algebras L_0, L_1, L_2 are distinguished by the value dim [g, g].

Next, we state a method to determine the isomorphism classes for the remaining Lie algebras L_3, L_4(α), L_5, L_7(α, β) and L_8(α). These Lie algebras are roughly classified into four classes by the values dim [g, g] and dim [[g, g], [g, g]]:

dim [g, g] = 1 : L_4(∞), dim [g, g] = 2 : L_4(0), L_7(α, 0), L_8(0), dim [g, g] = 3, dim [[g, g], [g, g]] = 0 : L_3, L_4(α) (α ≠ 0, ∞), L_7(α, β) (α, β ≠ 0), dim [g, g] = 3, dim [[g, g], [g, g]] = 1 : L_5, L_8(α) (α ≠ 0).

In particular, L_4(∞) is uniquely characterized by the property dim [g, g] = 1. We give a method to determine the isomorphism classes for the remaining Lie algebras in terms of several covariants and invariants.

(i) We first consider three Lie algebras L_3, L_4(1) and L_7(1, 1). These Lie algebras constitute special degenerations: L_7(1, 1)^{deg}−→ L_4(1)^{deg}−→ L_3, and they are characterized by the properties χ_1 =^1_3 and χ_2 =^1_{27} among the above remaining Lie algebras (in case the invariants have definite values). From Table 3, we have

S_{21} S_{441} L_3 0 0 L_4(1) ∗ 0 L_7(1, 1) ∗ ∗ and hence, these three Lie algebras can be distinguished to each other by two covariants S_{21} and S_{441}.

(ii) Next, we consider the case dim [g, g] = 2. Among these Lie algebras, there exist degenerations L_8(0)^{deg}−→ L_7(1, 0)^{deg}−→ L_4(0). The value of χ_1 for these three Lie algebras is^1_4 . Hence, if χ_1 ≠^1_4 , it is isomorphic to the remaining Lie algebra L_7(α, 0) (α ≠ 1), and from Proposition 5 (4), the value of the parameter of L_7(α, 0) is uniquely determined by χ_1. For the above three Lie algebras with χ_1 =^1_4 , we have from Table 3,

S_{3111} S_{441} L_4(0) 0 0 L_7(1, 0) 0 ∗ L_8(0) ∗ ∗ . Hence, they are distinguished by two covariants S_{3111} and S_{441}.

(iii) The case dim [g, g] = 3 and dim [[g, g], [g, g]] = 1. Among these Lie algebras, there is a degeneration L_8(1)^{deg}−→ L_5. For these two Lie algebras, the value of χ_1 is equal to^5_{16} , and hence, if χ_1 ≠^5_{16} , it is isomorphic to L_8(α) (α ≠ 0, 1). In this case, from Proposition 5 (5), the value of the parameter α is uniquely determined by χ_1. To distinguish two Lie algebras L_8(1) and L_5, we have only to use the covariant S_{441} (cf. Table 3).

(iv) The case dim[g, g] = 3 and [[g, g], [g, g]] = 0. Remaining Lie algebras are exhausted by L_4(α) (α ≠ 0, 1, ∞) and L_7(α, β) (α, β ≠ 0, (α, β) ≠ (1, 1)). From Table 3, two Lie algebras L_4(α) and L_7(α, β) are distinguished by the covariant S_{441}. And from Proposition 5 (1), (2) and (3), we can determine the values of the parameters of L_4(α) and L_7(α, β) in terms of χ_1 ∼ χ_3.

By these procedures, in terms of covariants and invariants which we introduced in this paper, we can uniquely determine the isomorphism classes of 4-dimensional Lie algebras without constructing the explicit isomorphisms. Summarizing these results, we obtain the following main theorem of this paper.

Theorem 11. The isomorphism classes of 4-dimensional complex Lie algebras are determined uniquely in terms of the following quantities :

• dim [g, g], dim [[g, g], [g, g]]. • S_{21}, S_{3111}, S_{441}.

• The ratio of the eigenvalues of ad X for generic X ∈ g, (i.e., three invariants χ_1, χ_2 and χ_3.)

An algorithm to determine the isomorphism classes of 4-dimensional Lie algebras is summarized in Figure 2.

Concerning three covariants appeared in this theorem, remind the results in Proposition 4:

4-dimensional Lie algebras 27

Figure 2

START

abel L0

dim [[g, g], [g, g]] = 3 L_6

calculate the ratio of the eigenvalues of ad X 0 : ε_1 : ε_2 : ε_3

ratio of the eigenvalues of

ad X depends on X L^9

ε_1 = ε_2 = ε_3 = 0 dim [g, g] = 2

L_2

L_1

calculate χ_1, χ_2, χ_3

χ_1 =^1_3 , χ_2 =^1_{27} S_{441} = 0

L_7(1, 1)

S_{21} = 0

L_3

L_4(1)

dim [g, g] = 3

[[g, g], [g, g]] = 0 χ_1 =^5_{16}

L_8(α) (α ≠ 0, 1) if χ^1 =^α

2+3α+1 4(α+1)^2

S_{441} = 0

L_5

L_8(1)

S_{441} = 0 L^4(α)(α ≠ 0, 1, ∞) if { χ_1 =^{2α+1}_{(α+2)2} χ_2 =^α_{(α+2)3}

ε_1 + ε_2 + ε_3 = 0 L7(α, β)

α + β ≠ −1 α, β ≠ 0 (α, β) ≠ (1, 1) if { χ_1 =^{αβ+α+β}

(α+β+1)^2

χ_2 =^{αβ}_{(α+β+1)3} L_7(α, −(α + 1)) (α ≠ 0, −1)

if χ_3 = −^{α2(α+1)2}

(α^2+α+1)^3

dim [g, g] = 2

L_4(∞)

χ_1 =^1_4

L_7(α, 0) (α ≠ 1) if χ_1 =^α_{(α+1)2}

S_{3111} = 0 L_8(0)

S_{441} = 0 L_7(1, 0)

L_4(0)

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

� � �

� � �

�

�

� � � �

�

�

�

�

�

� � � �

� � � �

� � � �

Y

N Y

N

Y

N Y Y

N N

Y N Y Y

N N

Y N N Y Y

N Y Y

N N

Y

N N Y N

Y N

Y N

Y

• S_{21} = 0 if and only if there exists an element f ∈ g^∗ such that [X, Y ] = f(X)Y − f(Y )X.

• S_{3111} = 0 if and only if dα ∧ dα = 0 for any α ∈ g^∗.

• S_{441} = 0 if and only if dim ⟨X, Y, [X, Y ], [X, [X, Y ]]⟩ ≤ 3 for any X, Y ∈ g.

Of course, two values dim[g, g] and dim[[g, g], [g, g]] are also characterized by the vanishing or non-vanishing of several covariants, as stated in Proposition 4.

Example. We give here two examples, showing the usefulness of this algorithm. We first consider the following Lie algebra:

[X_1, X_2] = −X_1 − X_2 + X_3, [X_1, X_3] = −6X_2 + 4X_3, [X_1, X_4] = 2X_1 − X_2 + X_4, [X_2, X_3] = 3X_1 − 9X_2 + 5X_3, [X_2, X_4] = 4X_1 − 2X_2 + 2X_4, [X_3, X_4] = 6X_1 − 3X_2 + 3X_4.

We can easily check that [g, g] = ⟨2X_1 − X_2, 3X_1 − X_3, X_4⟩ and [[g, g], [g, g]] = 0. And by putting X = aX_1 + bX_2 + cX_3 + dX_4, we have

ad X = b − 2d −a − 3c − 4d 3b − 6d 2a + 4b + 6c b + 6c + d −a + 9c + 2d −6a − 9b + 3d −a − 2b − 3c −b − 4c a − 5c 4a + 5b 0 −d −2d −3d a + 2b + 3c . Hence, after some calculations, we have TradX = 4(a+2b+3c), Tr(adX)^2 = 6(a+2b+3c)^2, Tr (ad X)^3 = 10(a + 2b + 3c)^3. From these values, we have

p_{111} = −Tr ad X = −4(a + 2b + 3c), p_{222} =^1_2 {(Tr ad X)^2 − Tr (ad X)^2} = 5(a + 2b + 3c)^2, p_{333} = −^1_6 {(Tr ad X)^3 − 3 Tr ad X · Tr (ad X)^2 + 2 Tr (ad X)^3} = −2(a + 2b + 3c)^3,

and hence, χ_1 = p_{222}/p^2_{111} =^5_{16} , χ_2 = p_{333}/p^3_{111} =^1_{32} . In addition, four elements X_1, X_4, [X_1, X_4] = 2X_1 −X_2 +X_4 and [X_1, [X_1, X_4]] = 3X_1 −X_3 +X_4 are linearly independent, and we have S_{441} ≠ 0. Since the value of p_{111} is non-zero, this Lie algebra is not unimodular. Hence, by applying the algorithm in Figure 2, we know that this Lie algebra is isomorphic to L_7(α, β) with χ_1 =^5_{16} , χ_2 =^1_{32} and α + β ≠ −1, (α, β) ≠ (1, 1), α, β ≠ 0. By solving the equations

αβ + α + β (α + β + 1)^2 = 5 16 , αβ (α + β + 1)^3 = 1 32 , we have for example, (α, β) = (2, 1), and hence this Lie algebra is isomorphic to L_7(2, 1).

As another example, we consider the following Lie algebra:

[X_1, X_2] = 4X_1 + 3X_2 − 6X_3 + 2X_4, [X_1, X_3] = 15X_1 + 5X_2 − 15X_3 + 5X_4, [X_1, X_4] = 50X_1 + 15X_2 − 48X_3 + 16X_4, [X_2, X_3] = 21X_1 + 2X_2 − 15X_3 + 5X_4, [X_2, X_4] = 93X_1 + 21X_2 − 81X_3 + 27X_4, [X_3, X_4] = 90X_1 + 25X_2 − 84X_3 + 28X_4.

Then, for X = aX_1 + bX_2 + cX_3 + dX_4, we have

ad X =

−4b − 15c − 50d 4a − 21c − 93d 15a + 21b − 90d 50a + 93b + 90c −3b − 5c − 15d 3a − 2c − 21d 5a + 2b − 25d 15a + 21b + 25c 6b + 15c + 48d −6a + 15c + 81d −15a − 15b + 84d −48a − 81b − 84c −2b − 5c − 16d 2a − 5c − 27d 5a + 5b − 28d 16a + 27b + 28c .

In this case, by putting p = a + 2b + 3c + 4d, q = 3a + 6b + 8c + 9d, we have Tr ad X = p + q, Tr (ad X)^2 = p^2 + q^2, Tr (ad X)^3 = p^3 + q^3. Hence, the eigenvalues of ad X is given by {0, 0, p, q}, and the ratio essentially depends on X. (cf. Remark (1) after Proposition 2.) Thus, by the algorithm in Figure 2, it follows that this Lie algebra is isomorphic to L_9.

Appendix A. Relation to several normal forms.

In this Appendix A, we give isomorphisms between our normal forms in Table 1 and the normal forms of other two classifications explicitly. There are already several classifications of 4-dimensional real or complex Lie algebras. (For example, [7], [19], [21], [23], [25], [27], [28], [29], [31], [34], etc. But, as for the classification table in [25; p.209], it seems that it contains some mistakes. See also the comments in [7; p.732]. Among these classifications, S. Lie’s one [21] is of course the earliest one.) In this appendix, we state relations to normal forms in [7] which was essentially taken from [29], and [23] which is a classification over R. In particular, by checking the correspondence to [7] in detail, we see that the list of degenerations in Proposition 6 just coincides with the result in [7; p.736]. We remark that to find the isomorphic Lie algebra among several normal forms in several classifications is now an easy task for us on account of the algorithm in Figure 2. But, to find the explicit isomorphism is another problem, which requires many tedious calculations.

In Appendix A, {X_1, · · · , X_4} denotes the basis of L_i in Table 1, and {e_1, · · · , e_4} denotes the basis of the Lie algebras in [7] or [23].

(i) Correspondence to [7; p.733]. We use here the same symbols as in [7]. But, for three Lie algebras g_2, g_3, g_8, we replace the parameters α and β in [7] by λ and μ, respectively. We drop the parameter restrictions in [7] because singular cases often give good examples of deformations (cf. Figure 1). In the following list, we give the isomorphisms only for non-trivial cases. For the explicit bracket operations [e_i, e_j ], see [7; p.733].

• C^4 ∼= L_0.

• n_3(C) ⊕ C ∼= L_1.

• r_2(C) ⊕ C^2 ∼= L_4(∞).

• r_3(C) ⊕ C ∼= L_7(1, 0),

e_1 = X_1, e_2 = X_2, e_3 = X_3, e_4 = X_2 − X_3 + X_4.

• r_{3,λ}(C) ⊕ C ∼=

L_4(∞), λ = 0, L_4(0), λ = 1, L_7(λ, 0), λ ≠ 0, 1, { λ = 1 : e_1 = X_1, e_2 = X_2, e_3 = X_3, e_4 = X_3 − X_4, λ ≠ 0, 1 : e_1 = X_1, e_2 = X_2, e_3 = X_2 + (λ − 1)X_3, e_4 = X_2 − X_3 + λX_4.

• r_2(C) ⊕ r_2(C) ∼= L_9.

• sl_2(C) ⊕ C ∼= L_6,

e_1 = X_2, e_2 = 2X_3, e_3 = 2X_1, e_4 = X_4.

• n_4(C) ∼= L_2.

• g_1(α) ∼= { L_3, α = 1, L_4(α), α ≠ 1,

α ≠ 1 : e_1 = X_1, e_2 = X_2, e_3 = X_3, e_4 = X_3 + (α − 1)X_4.

• g_2(λ, μ) ∼= L_7(α, β), (α + β ≠ −1),

e_1 =^1_a X_1, e_2 = a^2X_4, e_3 = a(X_3 + βX_4), e_4 = X_2 + (α + β)X_3 + β^2X_4. Here, for given λ and μ, we define two complex numbers α, β by α + β = a − 1 and αβ = a^3λ, where a is a non-zero complex number satisfying λa^3 − μa^2 + a − 1 = 0. Since a ≠ 0, we have α + β ≠ −1. And from the definition of α and β, we can easily show the equalities λ = αβ (α + β + 1)^3

= χ_2(g), μ = αβ + α + β (α + β + 1)^2

= χ_1(g).

Remark. In case λ ≠ 0, other solutions of the cubic equation λx^3 − μx^2 + x − 1 = 0 are given by a/α, a/β. And if we use a/α instead of a in the above isomorphism, then the solutions of α^′ + β^′ =^a_α − 1, α^′β^′ =

(_a α )_3 λ are (α^′, β^′) = (^1_α ,^β_α ), (^β_α ,^1_α ). But the unordered ratio 1 : α^′ : β^′ corresponding to this new solution coincides with the original ratio 1 : α : β, and hence we may use any solution of λx^3 − μx^2 + x − 1 = 0 in constructing the above isomorphism. (See the proof of Proposition 5 (2).) In case λ = 0, we can easily show that the same fact holds.

• g_3(λ) ∼= { L_2, λ = 0, L_7(α, −(α + 1)), λ ≠ 0, (α ≠ 0, −1, α^2 + α + 1 ≠ 0),

λ ≠ 0 : e_1 = kX_1, e_2 = α^2(α + 1)^2X_4, e_3 = α(α + 1)(α^2 + α + 1){−X_3 + (α + 1)X_4}, e_4 = (α^2 + α + 1)^2{X_2 − X_3 + (α + 1)^2X_4}, (k = −^{α2+α+1}_{α(α+1)} ≠ 0).

Here, in the case λ ≠ 0, the number α is a solution of the equation (x^2 + x + 1)^3 = λx^2(x + 1)^2. Clearly, we have α ≠ 0, −1 and α^2 + α + 1 ≠ 0. In this case, the parameter λ satisfies the equality λ =^{(α2+α+1)3}_{α2(α+1)2} = −^1_{χ3(g)} .

Remark. Other solutions of the equation (x^2 + x + 1)^3 = λx^2(x + 1)^2 are given by^1_α , −(α + 1),^{−1}_{α+1} , −^{α+1}_α ,^{−α}_{α+1} , and it is easy to check that the unordered ratio 1 : α : −(α + 1) does not depend on the choice of these solutions. Hence, as above, we may use any solution of this equation in constructing the isomorphism. (See also the proof of Proposition 5 (3).)

• g_4 ∼= L_7(ω, ω^2), (ω^3 = 1, ω ≠ 1),

e_1 = X_1, e_2 = X_4, e_3 = X_3 + ω^2X_4, e_4 = X_2 − X_3 + ωX_4.

• g_5 ∼= L_4(1),

e_1 =^1_3 X_1, e_2 = 3X_4, e_3 = X_3, e_4 = X_2.

• g_6 ∼= L_5.

• g_7 ∼= L_8(−1),

e_1 = X_1, e_2 = X_3, e_3 = X_2 − X_3, e_4 = −X_4.

• g_8(λ) ∼= L_8(α), λ =^α_{(α+1)2} (= 8χ_2(g)), (α ≠ −1),

e_1 =^1_{α+1} X_1, e_2 = (α + 1)X_3, e_3 = X_2 + αX_3, e_4 = −(α + 1)X_4.

Remark. In case λ ≠ 0, the solutions of the equation^x_{(x+1)2} = λ are of the form α,^1_α for each fixed λ. Since L_8(α) ∼= L_8(^1_α ), we may use any solution of^x_{(x+1)2} = λ in constructing the above isomorphism.

We add some comments. For the Lie algebra g_2(λ, μ), the parameters λ and μ just coincide with our invariants χ_2(g), χ_1(g), and they appear in the coefficients of the bracket [e_1, e_4] = λe_2 − μe_3 + e_4 in a natural way (cf. [7; p.733]). Normal forms of g_3(λ) and g_8(λ) also possess this property. These facts imply that the normal forms in [7] (or [29]) are elegantly selected from the invariant theoretic viewpoint because the bracket operations are simply and uniquely expressed by their invariants. (In the 3-dimensional case, the normal form in [33] also possesses this property.)

But on the other hand, the normal forms in [7] are not necessarily fitted to describe deformations or degenerations of Lie algebras. For example, in view of the above isomorphism list, the Lie algebras r_3(C) ⊕ C, r_{3,λ}(C) ⊕ C (λ ≠ 0, 1), g_2(λ, μ), g_3(λ) (λ ≠ 0) and g_4 should be gathered together to construct one family of Lie algebras because they are continuously deformable, possessing the same dimensional GL(V )-orbits. As another example, the family of Lie algebras g_1(α) contains a degenerate Lie algebra L_3 in case α = 1. And as normal forms, it is desirable to adopt a family of Lie algebras such that g_1(α) corresponds to g_5 ∼= L_4(1) in case α = 1. (Note that there exists a degeneration g_5^{deg}−→ g_1(1).) In addition, this family should contain the Lie algebra r_2(C) ⊕ C^2 because lim_{α→∞} g_1(α) ∼= r_2(C) ⊕ C^2. Our family of Lie algebras L_4(α) is selected to satisfy these conditions.

(ii) In the paper [23], Mubarakzyanov classified all 4-dimensional “real” Lie algebras. We can check that their complexifications are isomorphic to one of L_i in our list. We give here the explicit isomorphisms only for non-trivial cases. (For the definition of the Lie algebras g_i, see [23; p.115 ∼ 121]. With a slight modification of notations, the same list is quoted in [27], [28].) We assume that the coefficients α, β, γ, h, p in [23] represent complex numbers, and we also drop the parameter restrictions for these parameters by the same reason as (i). • (4g_1)^C ∼= L_0.

• (2g_1 + g_2)^C ∼= L_4(∞). • (2g_2)^C ∼= L_9. • (g_1 + g_{3,1})^C ∼= L_1. • (g_1 + g_{3,2})^C ∼= L_7(1, 0),

e_1 = X_2, e_2 = X_3, e_3 = −X_1, e_4 = X_2 − X_3 + X_4. • (g_1 + g_{3,3})^C ∼= L_4(0),

e_1 = X_2, e_2 = X_3, e_3 = −X_1, e_4 = X_3 − X_4.

• (g_1 + g_{3,4})^C ∼=

L_4(∞), h = 0, L_4(0), h = 1, L_7(h, 0), h ≠ 0, 1, { h = 1 : e_1 = X_2, e_2 = X_3, e_3 = −X_1, e_4 = X_3 − X_4, h ≠ 0, 1 : e_1 = X_2, e_2 = X_2 + (h − 1)X_3, e_3 = −X_1, e_4 = X_2 − X_3 + hX_4.

• (g_1 + g_{3,5})^C ∼= { L_4(∞), p = ±i, L_7(^{p−i}_{p+i} , 0), p ≠ ±i, p = ±i : e_1 =^1_2 X_2 +^1_2 X_3, e_2 = −^p_2 X_2 +^p_2 X_3, e_3 = −2pX_1, e_4 = X_4, p ≠ ±i : e_1 = X_3, e_2 = −(p + i)X_2 + iX_3, e_3 = −(p + i)X_1, e_4 = X_2 − X_3 +^{p−i}_{p+i} X_4.

• (g_1 + g_{3,6})^C ∼= L_6,

e_1 = X_2, e_2 = −X_1, e_3 = −2X_3, e_4 = X_4. • (g_1 + g_{3,7})^C ∼= L_6,

e_1 = iX_1, e_2 = X_2 −^1_2 X_3, e_3 = iX_2 +^i_2 X_3, e_4 = X_4. • g^C_{4,1} ∼= L_2,

e_1 = X_4, e_2 = −X_3, e_3 = X_2, e_4 = X_1.

• g^C_{4,2} ∼= { L_4(1), α = 1, L_7(α, 1), α ≠ 1, { α = 1 : e_1 = X_2, e_2 = X_3, e_3 = X_4, e_4 = −X_1, α ≠ 1 : e_1 = X_2 + (α − 1)X_3, e_2 = X_2, e_3 = X_3 + (1 − α)X_4, e_4 = −X_1.

• g^C_{4,3} ∼= L_7(0, 0),

e_1 = X_2, e_2 = X_2 − X_3, e_3 = X_3 − X_4, e_4 = −X_1.

• g^C_{4,4} ∼= L_7(1, 1),

e_1 = X_2, e_2 = X_3, e_3 = X_4, e_4 = −X_1.

• g^C_{4,5} ∼=

L_4(∞), β = γ = 0, L_3, β = γ = 1, L_4(^1_β ), β = γ ≠ 0, 1, L_4(γ), β = 1, γ ≠ 1, L_4(β), γ = 1, β ≠ 1, L_7(β, γ), β ≠ γ, β ≠ 1, γ ≠ 1,

β = γ = 1 : e_1 = X_2, e_2 = X_3, e_3 = X_4, e_4 = −X_1, β = γ ≠ 0, 1 : e_1 = βX_3 + (1 − β)X_4, e_2 = X_3, e_3 = X_2, e_4 = −βX_1, β = 1, γ ≠ 1 : e_1 = X_2, e_2 = X_3, e_3 = X_3 + (γ − 1)X_4, e_4 = −X_1, γ = 1, β ≠ 1 : e_1 = X_2, e_2 = X_3 + (β − 1)X_4, e_3 = X_3, e_4 = −X_1, β ≠ γ, β ≠ 1, γ ≠ 1 : e_1 = X_2, e_2 = X_2 + (β − 1)X_3, e_3 = X_2 + (γ − 1)X_3 + (γ − 1)(γ − β)X_4, e_4 = −X_1.

• g^C_{4,6} ∼=

L_4(∞), α = 0, p = ±i, L_7(^{p−i}_{p+i} , 0), α = 0, p ≠ ±i, L_4(^{p−i}_{p+i} ), α = p + i ≠ 0, L_4(^{p+i}_{p−i} ), α = p − i ≠ 0, L_7(^{p+i}_α ,^{p−i}_α ), α ≠ 0, α ≠ p ± i,

α = 0, p = ±i : e_1 = X_4, e_2 =^1_2 X_2 +^1_2 X_3, e_3 = −^p_2 X_2 +^p_2 X_3, e_4 = −2pX_1, α = 0, p ≠ ±i : e_1 = X_2 − X_3 +^{p−i}_{p+i} X_4, e_2 = X_3, e_3 = −(p + i)X_2 + iX_3, e_4 = −(p + i)X_1, α = p + i ≠ 0 : e_1 = X_3, e_2 = X_2 + X_4, e_3 = −iX_2 − (p + i)X_3 + iX_4, e_4 = −(p + i)X_1, α = p − i ≠ 0 : e_1 = X_3, e_2 = X_2 + X_4, e_3 = iX_2 − (p − i)X_3 − iX_4, e_4 = −(p − i)X_1, α ≠ 0, α ≠ p ± i : e_1 = X_2, e_2 = −α^2X_2 + kX_4, e_3 = α^2(α − p)X_2 − αkX_3 + ikX_4, e_4 = −αX_1, (k = (α − p)^2 + 1 ≠ 0).

• g^C_{4,7} ∼= L_8(1),

e_1 = X_4, e_2 = X_2, e_3 = X_3, e_4 = −X_1.

• g^C_{4,8} ∼= { L_5, h = 1, L_8(h), h ≠ 1, { h = 1 : e_1 = X_4, e_2 = X_2, e_3 = X_3, e_4 = −X_1, h ≠ 1 : e_1 = (h − 1)X_4, e_2 = X_2, e_3 = X_2 + (h − 1)X_3, e_4 = −X_1.

• g^C_{4,9} ∼= { L_8(^{p+i}_{p−i} ), p ≠ i, L_8(^{p−i}_{p+i} ), p ≠ −i,

p ≠ i : e_1 = (p − i)X_4, e_2 = X_3, e_3 = −(p − i)X_2 − iX_3, e_4 = −(p − i)X_1, p ≠ −i : e_1 = (p + i)X_4, e_2 = X_3, e_3 = −(p + i)X_2 + iX_3, e_4 = −(p + i)X_1.

• g^C_{4,10} ∼= L_9,

e_1 = X_2 + X_4, e_2 = iX_2 − iX_4, e_3 = −X_1 − X_3, e_4 = iX_1 − iX_3.

Appendix B. 3-dimensional complex Lie algebras.

In the survey paper [5], we summarized several known facts on the variety of 3- dimensional complex Lie algebras, such as the classification, the irreducible decomposition of the variety, invariants, etc. from the same viewpoint of this paper. But, the normal forms listed in [5] are not fitted to describe deformations and degenerations, and the results are described in complicated forms there.

In this appendix, we introduce a new family of normal forms of 3-dimensional complex Lie algebras fitted for these purposes, and re-summarize the facts in [5] in a quite simple form. The final results are summarized in Figure 3 and Figure 4. (In this appendix, V always means the 3-dimensional complex vector space.)

We first give a new classification tabel of 3-dimensional complex Lie algebras, including the dimension of GL(V )-orbit O(g):

Table 5

non-trivial bracket operations dim O(g) M_0 0 M_1 [X_1, X_2] = X_3 3 M_2 [X_1, X_2] = X_2, [X_1, X_3] = X_3 3 M_3(α) [X_1, X_2] = X_2, [X_1, X_3] = X_2 + αX_3 5 M_4 [X_1, X_2] = X_2, [X_1, X_3] = −X_3, [X_2, X_3] = X_1 6

Remark. (1) There are the following canonical isomorphisms to special Lie algebras:

M_0 ∼= C^3, M_1 ∼= Heisenberg Lie algebra,

M_3(0) ∼= aff(1, C) ⊕ C, M_3(−1) ∼= e(2, C) ∼=

0 a b −a 0 c 0 0 0 , M_4 ∼= sl(2, C).

In addition, M_3(α) ∼= M_3(α^′) if and only if α = α^′ or αα^′ = 1.

(2) The Lie algebra M_3(α) is isomorphic to the Lie algebra M^′_3(α) defined by

[Y_1, Y_2] = Y_2, [Y_1, Y_3] = αY_3

if α ≠ 1. The bracket operation of M^′_3(α) is simpler than that of M_3(α). But, as in the 4-dimensional case, M^′_3(α) degenerates to M_2 in case α = 1 (cf. Remark (6) after Proposition 1).

In terms of these normal forms, we can summarize several results on 3-dimensional complex Lie algebras in a simple form.

Proposition 12 (cf. [9], [12], [18], [25]). The algebraic set of ∧^2V^∗ ⊗V consisting of all 3-dimensional Lie algebras decomposes into two irreducible components Σ_{simp} = O(M_4) and Σ_{solv} = ∪_αO(M_3(α)), consisting of unimodular Lie algebras and of solvable Lie algebras, respectively. The orbit decompositions and degenerations are summarized in Figure 3.

Figure 3

0

3

5

6 dim O(g)

M_2

M_3(1)

M_0

M_1

M_3(−1)

M_4

M_3(α) (α ≠ ±1) � � � � � �

� � � � �

= Σ_{simp}

= Σ_{solv}

The variety Σ_{simp} is a 6-dimensional linear subspace of ∧^2V^∗ ⊗ V defined by the condition ∑ k c^k_{ik} = 0 (= unimodularity). The other variety Σ_{solv} mainly consists of 1-dimensional family of 5-dimensional orbits M_3(α). The existence of the degenerate Lie algebra M_2 makes the orbit decomposition of Σ_{solv} a little complicated.

To distinguish the family of Lie algebras M_3(α), we use the following invariant of 3- dimensional Lie algebras. Let {0, ε_1, ε_2} be the eigenvalues of ad X for generic X ∈ g. Then the invariant χ(g) ∈ C ∪ {∞} is defined by

χ(g) =

(ε_1 + ε_2)^2 ε_1ε_2 . (cf. [18], [33]. Note that the invariant J in [18] is related to χ(g) through the equality χ(g) = 2/(1 − J).) This invariant is well defined for all 3-dimensional Lie algebras except nilpotent ones (= M_0, M_1). The values of χ(g) are summarized in Table 6:

Table 6

χ(g) M_2 4 M_3(α)^{(α+1)2}_α M_4 0

Then, the family of Lie algebras M_3(α) is distinguished in the following way. (Compare with the complicated statement in [5; p.14, Proposition 6].)

Proposition 13 (cf. [18], [33]). Assume g, g^′ ∈ ∪_αO(M_3(α)). Then, g is isomorphic to g^′ if and only if χ(g) = χ(g^′).

In terms of this invariant and some GL(V )-invariant concepts on g, we can state an algorithm to determine the isomorphism classes of 3-dimensional Lie algebras in Figure 4.

As for real 3-dimensional Lie algebras, deformations and (a special kind of) degenerations are explained in detail in [10], [20].

Figure 4

START

abel M0 ∼= C^3

dim [g, g] = 3 M_4 ∼= sl(2, C)

[X, Y ] = f(X)Y − f(Y )X for some f ∈ g^∗ M^2

dim [g, g] = 1 & unimodular M^1

∼= Heisenberg Lie algebra

M_3(α) if χ(g) =^{(α+1)2}_α

�

�

�

�

�

�

�

�

�

Y

N Y

N Y

N Y

N

References

[1] Y. Agaoka, On the curvature of Riemannian submanifolds of codimension 2, Hokkaido Math. J. 14 (1985), 107-135.

[2] Y. Agaoka, Invariant subvarieties of the 3-tensor space C^2 ⊗ C^2 ⊗ C^2, Mem. Fac.

Integrated Arts and Sci., Hiroshima Univ., Ser.IV, Science Report, 20 (1994), 1-18.

[3] Y. Agaoka, An algorithm to calculate plethysms of Schur functions, Mem. Fac. Integrated Arts and Sci., Hiroshima Univ., Ser.IV, Science Report, 21 (1995), 1-17.

[4] Y. Agaoka, Combinatorial conjectures on the range of Young diagrams appearing in plethysms, Technical Report No.59, The Division of Math. Inform. Sci., Fac. Integrated Arts and Sci., Hiroshima Univ., (1998), pp.1-184.

[5] Y. Agaoka, On the variety of 3-dimensional Lie algebras, Lobachevskii J. Math. 3 (1999), 5-17.

[6] Y. Agaoka, Left invariant symplectic structures on 4-dimensional complex Lie groups, in preparation.

[7] D. Burde and C. Steinhoff, Classification of orbit closures of 4-dimensional complex Lie algebras, J. Algebra 214 (1999), 729-739.

[8] P. H. Butler and B. G. Wybourne, Tables of outer S-function plethysms, Atomic Data 3 (1971), 133-151.

[9] R. Carles and Y. Diakité, Sur les variétés d’algèbres de Lie de dimension ≤ 7, J.

Algebra 91 (1984), 53-63.

[10] C. W. Conatser, Contractions of the low-dimensional real Lie algebras, J. Math.

Phys. 13 (1972), 196-203.

[11] A. Fialowski and J. O’Halloran, A comparison of deformations and orbit closure, Comm. in Algebra 18 (1990), 4121-4140.

[12] M. Goze and Y. Khakimdjanov, Nilpotent Lie Algebras, Kluwer Acad. Publ., Dordrecht, Boston, London, 1996.

[13] F. D. Grosshans, G. C. Rota and J. A. Stein, Invariant Theory and Superalgebras, CBMS Regional Conf. Ser. Math. 69 (1981), pp.1-80, Amer. Math. Soc.

[14] F. Grunewald and J. O’Halloran, Deformations of Lie algebras, J. Algebra 162 (1993), 210-224.

[15] Y. B. Hakimjanov, Sur les variétés d’algèbres de Lie, Comm. in Algebra 18 (1990), 1147-1187.

[16] D. Husemöller, Elliptic Curves, Springer-Verlag, New York, Berlin, Heidelberg, 1987. [17] N. Jacobson, Lie Algebras, Interscience Publ., New York, London, 1962. [18] A. A. Kirillov and Y. A. Neretin, The variety A_n of n-dimensional Lie algebra structures, Amer. Math. Soc. Transl. (2) 137 (1987), 21-30.

[19] B. Komrakov and A. Tchourioumov, Small Dimensional and Linear Lie Algebras, International Sophus Lie Centre Press, 2000.

[20] M. Levy-Nahas, Deformation and contraction of Lie algebras, J. Math. Phys. 8 (1967), 1211-1222.

[21] S. Lie, Vorlesungen über Continuierliche Gruppen mit Geometrischen und Anderen Anwendungen, Teubner, Leipzig, 1893.

[22] I. G. Macdonald, Symmetric Functions and Hall Polynomials (Second ed.), Oxford Univ. Press, Oxford, 1995.

[23] G. M. Mubarakzyanov, On solvalbe Lie algebras (in Russian), Izv. Vyssh. Uchebn.

Zaved. Mat. 32 No.1 (1963), 114-123.

[24] A. Nijenhuis and R. W. Richardson, Jr, Deformations of Lie algebra structures, J.

Math. Mech. 17 (1967), 89-105.

[25] A. L. Onishchik and E. B. Vinberg (ed.), Lie Groups and Lie Algebras III (Structure of Lie Groups and Lie Algebras), Encyclopaedia of Math. Sci. 41, Springer-Verlag, Berlin, Heidelberg, New York, 1994.

[26] A. N. Parshin and I. R. Shafarevich (ed.), Algebraic Geometry IV (Linear Algebraic Groups, Invariant Theory), Encyclopaedia of Math. Sci. 55, Springer-Verlag, Berlin, Heidelberg, New York, 1994.

[27] J. Patera, R. T. Sharp, P. Winternitz and H. Zassenhaus, Casimir operators of subalgebras of the Poincaré Lie algebra and of real Lie algebras of low dimension, Lect. Notes in Phys. 50 (1976), 500-515, Springer-Verlag.

[28] J. Patera, R. T. Sharp, P. Winternitz and H. Zassenhaus, Invariants of real low dimension Lie algebras, J. Math. Phys. 17 (1976), 986-994.

[29] J. Patera and H. Zassenhaus, Solvable Lie algebras of dimension ≤ 4 over perfect fields, Linear Algebra Appl. 142 (1990), 1-17.

[30] D. Rand, P. Winternitz and H. Zassenhaus, On the identification of a Lie algebra given by its structure constants. I. Direct decompositions, Levi decompositions, and nilradicals, Linear Algebra Appl. 109 (1988), 197-246.

[31] J. E. Snow, Invariant complex structures on four-dimensional solvable real Lie groups, Manuscripta Math. 66 (1990), 397-412.

[32] B. Sturmfels, Algorithms in Invariant Theory, Springer-Verlag, Wien, New York, 1993.

[33] H. Tasaki and M. Umehara, An invariant on 3-dimensional Lie algebras, Proc. Amer.

Math. Soc. 115 (1992), 293-294.

[34] M. Vergne, Construction de représentations irréducibles des groupes de Lie résolubles, in “Représentations des Groupes de Lie Resolubles”, Monographies Soc. Math. France 4 (1972), 177-216, Dunod, Paris.