Decomposition formulas of the plethysm {m} ⊗ {μ} with |μ| = 3

Yoshio Agaoka

Department of Mathematics, Faculty of Integrated Arts and Sciences Hiroshima University, Higashi-Hiroshima 739-8521, Japan

e-mail address: agaoka@mis.hiroshima-u.ac.jp

Abstract

We give new explicit decomposition formulas of three plethysms {m} ⊗ {3}, {m} ⊗ {21} and {m} ⊗ {1^3}. As its corollary, we express the number of irreducible components of these plethysms as cubic polynomials of m and give their generating functions possessing the full data of decompositions.

1. Introduction

Plethysm {λ} ⊗ {μ} was first introduced by D. E. Littlewood [10] (see also [12]). It is a sort of composition of Schur functions, and its decomposition into irreducible factors is known for only special cases at present. But for applications to several geometric or algebraic problems (for example see [1], [4]), it is desirable to obtain a general decomposition formula, though it is a quite difficult problem.

In this paper, we consider a special type of plethysms {m} ⊗ {μ} with |μ| = 3 (m > 0), and give their new decomposition formulas. In addition, we state several results immediately obtained from these formulas. The decomposition formulas of these plethysms are already known (see [6], [7], [9], [13], [15], etc.), and our new formulas may be considered as a reformulation of these classical results from another standpoint. But by these new formulas we can quite easily obtain the explicit decomposition of these plethysms, which are also fitted for computers. In addition, as its corollary, we express the number of irreducible components of {m} ⊗ {μ} with |μ| = 3 as cubic polynomials of m, and give generating functions possessing the full data of decompositions of these plethysms.

2000 Mathematics Subject Classification. Primary 05E05; Secondary 05E15, 20G05. Key words and phrases. Plethysm, decomposition formula, generating function.

1

2. Main results

In this section, we state the main results of this paper, and summarize several facts obtained immediately from them.

Theorem 1. The following decomposition formulas hold:

{m} ⊗ {3} = ∑ a + b + c + 2d = m a, b, c, d ≥ 0 b ≠ 1, c ≡ d (mod 2)

[ a(3, 0, 0) + b(2, 1, 0) + c(1, 1, 1) + d(3, 3, 0) ] ,

{m} ⊗ {21} = ∑ a + b + c + 2d = m a, c, d ≥ 0, b ≥ 1

[ a(3, 0, 0) + b(2, 1, 0) + c(1, 1, 1) + d(3, 3, 0) ] ,

{m} ⊗ {1^3} = ∑ a + b + c + 2d = m a, b, c, d ≥ 0 b ≠ 1, c ≢ d (mod 2)

[ a(3, 0, 0) + b(2, 1, 0) + c(1, 1, 1) + d(3, 3, 0) ] .

(Of course the expression a(3, 0, 0) + b(2, 1, 0) + c(1, 1, 1) + d(3, 3, 0) in the above formulas means the partition {3a + 2b + c + 3d, b + c + 3d, c}.) The proof of this theorem will be given in Section 3. By this theorem, we can quite easily calculate the decomposition of {m} ⊗ {3} etc. as follows.

Example. (i) {4}⊗{3}: Non-negative integers satisfying the conditions a+b+c+2d = 4, b ≠ 1 and c ≡ d (mod 2) are exhausted by

(a, b, c, d) = (4, 0, 0, 0), (2, 2, 0, 0), (1, 3, 0, 0), (0, 4, 0, 0), (2, 0, 2, 0), (0, 2, 2, 0), (0, 0, 4, 0), (1, 0, 1, 1), (0, 0, 0, 2).

Hence by applying the above theorem, we have

{4} ⊗ {3} = {12.} + {10.2} + {93} + {84} + {82^2} + {741} + {6^2} + {642} + {4^3}.

(ii) {4} ⊗ {21}: In this case, non-negative integers satisfying the conditions a + b + c + 2d = 4 and b ≥ 1 are exhausted by

(a, b, c, d) = (3, 1, 0, 0), (2, 2, 0, 0), (1, 3, 0, 0), (0, 4, 0, 0), (2, 1, 1, 0), (1, 2, 1, 0), (0, 3, 1, 0), (1, 1, 2, 0), (0, 2, 2, 0), (0, 1, 3, 0), (1, 1, 0, 1), (0, 2, 0, 1), (0, 1, 1, 1).

Then from the above theorem, we have

{4} ⊗ {21} = {11.1} + {10.2} + {93} + {921} + 2{84} + {831} + {75} + {741} + {732} + {651} + {642} + {543}.

Note that in the second case the multiplicity of {84} is 2, which corresponds to two quartets (a, b, c, d) = (0, 4, 0, 0) and (1, 1, 0, 1).

Since the parameters a, b, c and d move in a three-dimensional polytope, we can easily count the number of lattice points in it. As a result, we obtain the following corollary.

Corollary 2. The number of irreducible components of {m} ⊗ {μ} with |μ| = 3 is given by

{m} ⊗ {3} : [ 1 48 (2m^3 + 9m^2 + 28m + 48) ] = 1 48 (2m^3 + 9m^2 + 28m) +

1 m ≡ 0 (mod 4), 3 16 m ≡ 1 (mod 4), 3 4 m ≡ 2 (mod 4), 7 16 m ≡ 3 (mod 4).

{m} ⊗ {21} : [ 1 24 (2m^3 + 9m^2 + 10m + 3) ] = 1 24 (2m^3 + 9m^2 + 10m) + { 0 m ≡ 0 (mod 2), 1 8 m ≡ 1 (mod 2).

{m} ⊗ {1^3} : [ 1 48 (2m^3 + 9m^2 + 16m + 21) ] = 1 48 (2m^3 + 9m^2 + 16m) +

0 m ≡ 0 (mod 4), 7 16 m ≡ 1 (mod 4), 1 4 m ≡ 2 (mod 4), 3 16 m ≡ 3 (mod 4).

By using the Littlewood-Richardson rule only, it seems difficult to obtain a decomposition formula of the tensor product {m}^3. But by using the formula {m}^3 = {m} ⊗ {3} + 2{m} ⊗ {21} + {m} ⊗ {1^3} and the above results, we have

{m}^3 = ∑ a + b + c + 2d = m a, b, c, d ≥ 0, b ≠ 1

[ a(3, 0, 0) + b(2, 1, 0) + c(1, 1, 1) + d(3, 3, 0) ]

+ 2 ∑ a + b + c + 2d = m a, c, d ≥ 0, b ≥ 1

[ a(3, 0, 0) + b(2, 1, 0) + c(1, 1, 1) + d(3, 3, 0) ] .

(The coefficient 2 in the second row is the multiplicity.) In addition, the number of irreducible components of {m}^3 is equal to [ 1 8 (2m^3 + 9m^2 + 14m + 8) ] = 1 8 (2m^3 + 9m^2 + 14m) + { 1 m ≡ 0 (mod 2), 7 8 m ≡ 1 (mod 2).

As another corollary of Theorem 1, we can express the decomposition formulas of {m} ⊗ {μ} (|μ| = 3) in the form of generating functions as follows.

Corollary 3. The coefficient of x^ky^lq^m in the following formal power series is equal to the coefficient of {3m − k − l, k, l} (3m − k − l ≥ k ≥ l ≥ 0) in the plethysms {m} ⊗ {3}, {m} ⊗ {21} and {m} ⊗ {1^3}, respectively.

(1 + x^3q^3)(1 + x^4yq^3) (1 − q)(1 − x^2q^2)(1 − x^6q^4)(1 − x^2y^2q^2) , xq (1 − q)(1 − xq)(1 − x^3q^2)(1 − xyq) , xq(1 + x^3q^3)(y + x^2q) (1 − q)(1 − x^2q^2)(1 − x^6q^4)(1 − x^2y^2q^2) . Proof. We construct a generating function for {m} ⊗ {3}. For this purpose we show that the function (1 + x^3q^3)(1 + x^4yq^3) (1 − x^2q^2)(1 − x^6q^4)(1 − x^2y^2q^2) has the following property: “Expand this function as a formal power series and put q^r = 0 for r ≥ m + 1. And next substitute q = 1. Then the coefficient of x^ky^l in this polynomial is equal to the coefficient of {3m − k − l, k, l} (3m − k − l ≥ k ≥ l ≥ 0) in the plethysm {m} ⊗ {3}.” Then it is clear that the generating function of {m} ⊗ {3} possessing the property stated in Corollary 3 is obtained by multiplying 1 + q + q^2 + · · · =^1_{1−q} to this function.

Now we show the above property. In the formula of {m}⊗{3} stated in Theorem 1, we first drop the condition b ≠ 1 and consider the generating function for the case c ≡ d ≡ 0 (mod2). We put c = 2e and d = 2f. Then the term a(3, 0, 0)+b(2, 1, 0)+c(1, 1, 1)+d(3, 3, 0) is equal to the partition {3a + 2b + 2e + 6f, b + 2e + 6f, 2e}, and it represents a monomial x^{b+2e+6f} y^{2e} = x^b(x^6)^f (x^2y^2)^e in the generating function. Since a + b + 2e + 4f = m, the integers b, e and f must satisfy the inequality b+4f +2e ≤ m. We consider the coefficients 1, 4 and 2 in this inequality as a weight, and in the generating function we express this weight as an exponent of a parameter q. (Hence we put q^r = 0 for q ≥ m + 1.) Then the generating function for the case c ≡ d ≡ 0 (mod 2) is expressed as follows: 1 (1 − xq)(1 − x^6q^4)(1 − x^2y^2q^2) .

Next we consider the case c = 2e + 1 and d = 2f + 1, also dropping the condition b ≠ 1. In this case, the monomial corresponding to the term a(3, 0, 0) + b(2, 1, 0) + c(1, 1, 1) + d(3, 3, 0) is x^{b+2e+6f +4}y^{2e+1} = x^4y · x^b(x^6)^f (x^2y^2)^e. The integers b, e and f satisfy the inequality b + 4f + 2e ≤ m − 3 in this case, and hence the generating function is given by x^4y (1 − xq)(1 − x^6q^4)(1 − x^2y^2q^2) , where we put q^r = 0 for r ≥ m − 2. To adjust the range of exponents of q as in the above case, we multiply q^3 to this function.

To obtain the final generating function, we must subtract the functions corresponding to the case b = 1. By the same method and by dividing into two cases as above, we can show that these functions are xq (1 − x^6q^4)(1 − x^2y^2q^2) and x^5yq^4 (1 − x^6q^4)(1 − x^2y^2q^2) , respectively. Therefore the final generating function is given by

1 + x^4yq^3 − (xq + x^5yq^4)(1 − xq) (1 − xq)(1 − x^6q^4)(1 − x^2y^2q^2) = (1 + x^4yq^3)(1 − xq + x^2q^2) (1 − xq)(1 − x^6q^4)(1 − x^2y^2q^2) = (1 + x^3q^3)(1 + x^4yq^3) (1 − x^2q^2)(1 − x^6q^4)(1 − x^2y^2q^2) . The formulas for the remaining two plethysms {m} ⊗ {21} and {m} ⊗ {1^3} can be verified completely in the same way, and we leave its verification to the readers. q.e.d.

Example. We expand the above generating function of {m} ⊗ {3}. Then it is equal to

1 + q + (1 + x^2 + x^2y^2)q^2 + (1 + x^2 + x^3 + x^2y^2 + x^4y)q^3 + (1 + x^2 + x^3 + x^4 + x^2y^2 + x^4y + x^6 + x^4y^2 + x^4y^4)q^4 + (1 + x^2 + x^3 + x^4 + x^2y^2 + x^5 + x^4y + x^6 + x^4y^2 + x^6y + x^5y^2 + x^4y^4 + x^6y^3)q^5 + · · · · · · .

Hence, for example, taking the coefficients of q^5, we have the decomposition

{5} ⊗ {3} = {15.} + {13.2} + {12.3} + {11.4} + {11.2^2} + {10.5} + {10.41} + {96} + {942} + {861} + {852} + {74^2} + {6^23}.

From the construction, it is clear that monomials x^ky^lq^m in the generating functions in Corollary 3 always satisfy the condition 3m − k − l ≥ k ≥ l ≥ 0. Hence by substituting x = y = 1 to these functions, we obtain generating functions possessing the number of irreducible components of {m} ⊗ {μ} as a coefficient of q^m.

3. Proof of Theorem 1

In this section we prove the decomposition formula of {m} ⊗ {3} in Theorem 1 by using the well-know formula in [13; p.141] (see also [6], [7], [9], [15]):

{m} ⊗ {3} = ∑ ν ([ 1 6 m(ν) ] + ε(ν) ) {ν},

where ν = {ν_1, ν_2, ν_3} (ν_1 ≥ ν_2 ≥ ν_3 ≥ 0, ν_1 + ν_2 + ν_3 = 3m), [ ] is the Gauss symbol, m(ν) = min {ν_1 − ν_2, ν_2 − ν_3} and

ε(ν) =

1 m(ν) ≡ ν_2 ≡ 0 (mod 2), 1 m(ν) ≡ 3 or 5 (mod 6), 0 otherwise.

We fix one partition ν = {ν_1, ν_2, ν_3} of 3m. Then the equality (ν_1, ν_2, ν_3) = a(3, 0, 0) + b(2, 1, 0) + c(1, 1, 1) + d(3, 3, 0) is equivalent to a = m − ν_2 + d, b = ν_2 − ν_3 − 3d and c = ν_3. And the conditions imposed on (a, b, c, d) in the formula of {m} ⊗ {3} in Theorem 1 are expressed as

d ≥ 0, m − ν_2 + d ≥ 0, ν_2 − ν_3 − 3d ≥ 0, ν_2 − ν_3 − 3d ≠ 1, ν_3 ≡ d (mod 2).

For fixed ν, these are the conditions on one parameter d, and in the following we show that the total number of d satisfying these conditions just coincides with the coefficient [_1 6 m(ν) ] + ε(ν).

(a) The case ν_2 ≤ m.

In this case, since (ν_1 − ν_2) − (ν_2 − ν_3) = ν_1 − 2ν_2 + ν_3 = 3m − 3ν_2 ≥ 0, we have m(ν) = ν_2 − ν_3. Assume ν_2 − ν_3 = 6k, 6k + 2 or 6k + 4. Then we have

[_1 6 m(ν) ] = k. If ν_2 ≡ ν_3 ≡ 0 (mod 2), then from the above conditions on d, we know that d takes value 0, 2, 4, · · · , 2k, and the total number is equal to k + 1. Since we have ε(ν) = 1 in this case, it follows that this total number is equal to

[_1 6 m(ν) ] + ε(ν). If ν_2 ≡ ν_3 ≡ 1 (mod 2), then d takes value 1, 3, 5, · · · , 2k − 1, and hence the total number is equal to k. In this case we have ε(ν) = 0, and we obtain the desired equality

[_1 6 m(ν) ] + ε(ν) = k.

In a similar way, we have

[_1 6 m(ν) ] + ε(ν) = k + 1 in case ν_2 − ν_3 = 6k + 3 or 6k + 5, and [_1 6 m(ν) ] + ε(ν) = k in case ν_2 − ν_3 = 6k + 1. For these three cases we can easily show that these values just coincide with the total number of d which satisfies the above conditions.

(b) The case ν_2 > m.

In this case we have m(ν) = ν_1 − ν_2. First assume ν_1 − ν_2 = 6k, 6k + 2 or 6k + 4. Then we have ν_2 − ν_3 = 3(ν_2 − m + 2k), 3(ν_2 − m + 2k) + 2, 3(ν_2 − m + 2k) + 4, respectively, and [_1 6 m(ν) ] = k. Then, the above conditions on d is equivalent to ν_2 − m ≤ d ≤ ν_2 − m + 2k and d ≡ ν_3 ≡ m (mod 2). (Note that ν_1 + ν_2 + ν_3 = 3m and ν_1 + ν_2 = even.) In case ν_1 ≡ ν_2 ≡ 0(mod 2), the integer d−ν_2 +m is even, and hence the total number of d is k +1. Since ε(ν) = 1, we obtain the equality

[_1 6 m(ν) ] + ε(ν) = k + 1. If ν_1 ≡ ν_2 ≡ 1 (mod 2), then d − ν_2 + m is odd, and the total number is k in this case. On the other hand, we have ε(ν) = 0, and hence the desired equality

[_1 6 m(ν) ] + ε(ν) = k follows.

Similarly, we have

[_1 6 m(ν) ] + ε(ν) = k + 1 in case ν_1 − ν_2 = 6k + 3 or 6k + 5, and [_1 6 m(ν) ] + ε(ν) = k in case ν_1 − ν_2 = 6k + 1. Then we have ν_2 − ν_3 = 3(ν_2 − m + 2k) + 3, 3(ν_2 − m + 2k) + 5, 3(ν_2 − m + 2k) + 1, respectively, and as in the above case we can show that

[_1 6 m(ν) ] + ε(ν) coincide with the total number of d. This completes the proof for the case {m} ⊗ {3}.

For the proof of {m} ⊗ {21} and {m} ⊗ {1^3}, we use the following formulas also stated in [13; p.141] (or [6]):

{m} ⊗ {21} = ∑ ν { 1 3 m(ν) } {ν},

{m} ⊗ {1^3} = ∑ ν ([ 1 6 m(ν) ] + ε^′(ν) ) {ν},

where {x} means the least integer n satisfying n ≥ x, and

ε^′(ν) =

1 m(ν) ≡ 0, ν_2 ≡ 1 (mod 2), 1 m(ν) ≡ 3 or 5 (mod 6), 0 otherwise.

(It seems that the formula for {m} ⊗ {1^3} in [13; p.141] is incorrect and should be formulated in the above form.) Then by using these formulas, we can prove the decomposition formulas of {m} ⊗ {21} and {m} ⊗ {1^3} completely in the same way as in the case of {m} ⊗ {3}. Detailed examinations are left to the readers q.e.d.

Remark. By using the formula stated in [5; p.11], [16; p.109] we can immediately prove the decomposition formula of {m} ⊗ {1^3} from that of {m} ⊗ {3}. In fact in the above references it is stated that the coefficient of {ν_1, ν_2, ν_3} in {m − 1} ⊗ {1^3} is equal to the coefficient of {ν_1 + 1, ν_2 + 1, ν_3 + 1} in {m} ⊗ {3}. Hence from the decomposition formula of {m} ⊗ {3}, we have

{m−1}⊗{1^3} = ∑ a + b + c + 2d = m a, b, d ≥ 0, c ≥ 1 b ≠ 1, c ≡ d (mod 2)

[ a(3, 0, 0) + b(2, 1, 0) + (c − 1)(1, 1, 1) + d(3, 3, 0) ] .

Then by shifting the parameters m and c suitably, the desired decomposition formula of {m} ⊗ {1^3} is obtained.

4. Other plethysms

As for the plethysms {m} ⊗ {2} and {m} ⊗ {1^2}, we can rewrite the well-known decomposition formulas (for example, see [11; p.332]) into the following form, which have a strong resemblance to the formulas in Theorem 1:

{m} ⊗ {2} = ∑ a + b = m a, b ≥ 0 b ≡ 0 (mod 2)

[ a(2, 0) + b(1, 1) ] ,

{m} ⊗ {1^2} = ∑ a + b = m a, b ≥ 0 b ≡ 1 (mod 2)

[ a(2, 0) + b(1, 1) ] .

And by adding these two decompositions, we have

{m}^2 = ∑ a + b = m a, b ≥ 0

[ a(2, 0) + b(1, 1) ] .

The existence of such decomposition formulas of {m} ⊗ {μ} with |μ| ≤ 3 may be accidental. But if it is not the case, it is desirable to extend these formulas to a larger class of plethysms.

In this standpoint, the next case we must consider is {m} ⊗ {4}. Concerning this plethysm, we have at present the following conjecture.

Conjecture. The terms in {m} ⊗ {4} with depth≤ 2 are given by ∑ a + b + c + 6d = m a, b, c, d ≥ 0 b ≠ 1, c ≠ 1

[ a(4, 0) + b(3, 1) + c(2, 2) + d(12, 12) ] .

We can show that the above expression gives the correct decomposition for partitions of type {4m−k, k} with m ≥ k ≥ 0. In fact after some calculations we know that it gives the same expression stated in [8; p.573–574]. (Foulkes showed that the coefficient of {4m−k, k} (m ≥ k ≥ 0) in {m} ⊗ {4} is

[_1 48 (k^2 + 12k + 48) ] if k is even, and

[_1 48 (k^2 + 6k + 21) ] if k is odd.)

But unfortunately, it seems difficult to extend the above formula to the full decomposition of {m} ⊗ {4}, i.e., the decomposition consisting of terms with depth≤ 4.

References

[1] Y. Agaoka, On the curvature of Riemannian submanifolds of codimension 2, Hokkaido Math. J. 14 (1985), 107–135.

[2] Y. Agaoka, An algorithm to calculate plethysms of Schur functions, Memoirs of the Faculty of Integrated Arts and Sciences, Hiroshima University, Ser.IV, Science Report 21 (1995), 1–17.

[3] Y. Agaoka, Combinatorial conjectures on the range of Young diagrams appearing in plethysms, Technical Report No.59, The Division of Mathematical Information Sciences, Faculty of Integrated Arts and Sciences, Hiroshima University, 1998, pp.1– 184.

[4] Y. Agaoka, An algorithm to determine the isomorphism classes of 4-dimensional complex Lie algebras, Linear Algebra and its Appl. 345 (2002), 85–118.

[5] C. Carré, Plethysm of elementary functions, Bayreuth Math. Schr. 31 (1990), 1–18.

[6] Y. M. Chen, A. M. Garsia and J. Remmel, Algorithms for plethysm, in “Combinatorics and Algebra” (C. Greene, Ed.), pp.109–153, Contemporary Math. 34, Amer. Math. Soc., Providence, 1984.

[7] S. C. Dent and J. Siemons, On a conjecture of Foulkes, J. Algebra 226 (2000), 236–249.

[8] H. O. Foulkes, Plethysm of S-functions, Phil. Trans. Royal Soc. London A 246 (1954), 555–591.

[9] R. Howe, (GL_n, GL_m)-duality and symmetric plethysm, Proc. Indian Acad. Sci.

(Math. Sci.) 97 (1987), 85–109.

[10] D. E. Littlewood, Polynomial concomitants and invariant matrices, J. London Math.

Soc. 11 (1936), 49–55.

[11] D. E. Littlewood, Invariant theory, tensors and group characters, Phil. Trans. Royal Soc. London A 239 (1944), 305–365.

[12] D. E. Littlewood, The Theory of Group Characters and Matrix Representations of Groups (Second edition), Oxford Univ. Press, Oxford, 1950.

[13] I. G. Macdonald, Symmetric Functions and Hall polynomials (Second edition), Oxford Univ. Press, Oxford, 1995.

[14] R. P. Stanley, Enumerative Combinatorics Vol.2, Cambridge Univ. Press, Cambridge, 1999.

[15] R. M. Thrall, On symmetrized Kronecker powers and the structure of the free Lie ring, Amer. J. Math. 64 (1942), 371–388.

[16] S. H. Weintraub, Some observations on plethysms, J. Algebra 129 (1990), 103–114.