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Abstract

Our aim in this paper is to deal with Sobolev embeddings for Riesz
potential spaces of variable exponent.

1 Introduction

Let R" denote the n-dimensional Euclidean space. We consider the Riesz potential
of order « for a locally integrable function f on R", which is defined by

Unf(z) = / & — " Fy)dy.

Here 0 < a < n. Following Orlicz [15] and Kovécik and Rakosnik [10], we consider
a positive continuous function p(-) on R™ and a measurable function f satisfying

/ F@)PVdy < oo.

In this paper we are concerned with p(-) satisfying the following 0-Holder condition

_ ay log(log(1/|z — yl)) e
p(z) —p(y)| < log(1/]z — y]) log(1/|z —yl)

whenever |r — y| < 1/2, where a; and ay are nonnegative constants. Recently
Diening [4] has established embedding results for Riesz potentials in the case a; = 0.

In these discussions, the continuity of Hardy-Littlewood maximal functions is
a crucial tool. Our first task is to establish the continuity in the case a; > 0,
which is an extension of Diening [3] in the case a; = 0. As an application of the
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continuity of maximal functions, we give Sobolev’s inequality for Riesz potentials
in the variable exponent case. Finally we discuss the mean continuity for Riesz
potentials as extensions of Meyers [12] and Harjulehto-Hésto [8].

For related results, see Edmunds-Rékosnik [5], Kovécik-Rakosnik [10] and Ruzicka
[16].

2 Maximal functions

Throughout this paper, let C' denote various constants independent of the variables
in question.

Let G be a bounded open set in R", and consider a positive continuous function
p(+) on G.

In this paper let us assume that :

(pl) 1 <p_(B)=infgp(zr) <supgp(z) =pi(B) < o for B C G;
ay log(log(1/]x — yl)) s

2 T) — <
©2) ) =P S 0 e — o) loa(i/le — )
whenever |z —y| < 1/2, 2z € G and y € G.

Let 1/p'(z) =1 — 1/p(x). Then, noting that

) o) —  P@—ply)  p(x) —p(y) {p(z) — p(y)}*
PO =P = O T o) — 1) - @ 12 () — D) — 1)

)2
we have the following result.

LEMMA 2.1. There exists a positive constant C' such that

I () —p'(y)| < w(|z—y|) whenever x € G and y € G,

a,  log(log(1/r)) ¢

where w(r) = w(r;z) = (@) =12 log(1/r) + og(1/7) for 0 < r < ry and
w(r) = w(rg) for r > ro.

For a locally integrable function f on (G, we consider the maximal function M f

defined by
1

M f(x) = sup —; |/ (y)ldy,
B |B| GNB
where the supremum is taken over all balls B = B(x,r) and |B| denotes the volume
of B.

Define the LP*)(G) norm by

p(y)

f() dy <1}

11l = [ Fllnr.c = inf{A > 0 - /

G
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and denote by LPU)(G) the space of all measurable functions f on G with || f| ) <
0.

LEMMA 2.2. Let f be a nonnegative measurable function on G with || f ||, < 1.
Then
M f ()@ < C{Mg(x)(log(e + Mg(x))) P 1},

where g(y) = f(y)?™ and A,(x) = ain/p(x)>.

PROOF. Let f be a nonnegative measurable function on G with || f|,) < 1,
and let 0 < rg < 1 be fixed. First note that

/Gf(y)p(y)dy <1 (1)

Then, if r > rg, then

1 1

Blr. M dy < ——— 1 PO dy < C
’B(Z’,T’” B(z,r) f(y) v = |B(.Z',T>’ B(x,r){ +f(y) } Y=

by our assumption. For 0 < g < 1 and r > 0, we have

1
_ d
|B(I, T)’ B(z,r) f(y) Y

< u (ﬁ (/) dy +

Z, 7n)| B(x,r)

p((/y @0 4 F).

- P(Y) g >
B Sy YW

IA

where F' = |B(£B,T)|_1/ f(y)P¥dy. Here, considering
B(z,r)

n= F—l/{P'($)+w(T)} — F—l/p/(z)_l,-ﬁ(x)

with B(z) = w(r)/{p'(z)(p'(x) + w(r))} when F' > 1, we have
1 / 1 ()2
- - f(y)dy < 2F /p@) po(r)/p'(@)”.
|B(ZE, T‘)' B(z,r)
it I <1, then we can take =1 to obtain

1
—_— d .

Hence it follows that

1 / 2
- - dy < C(FY/r@) pe(r)/v'(z) 1). 2
B /B@,r) Fluydy < A +1) @)
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If r < F~! then we see from (2) that

1

Bl f(y)dy < C{FY?@(log(e + F))M@) 411
Blo,)] Sy W S CL log(e + 1)) }

If 7o > r > F~! then

FUp@te(n)/p'(@)* < cfp=n/pl@)—nw(r)/p (2)? (/ Fly)PWdy
B

> 1/p(a)+w(r)/p' (x)?
(z,r)

In view of (1), we find

2 1/p(a)+lr) /9 (2)?
PURR P < Cpnlo@) (log(1 /7)) A ( / f(y)pw)dy)
B(z,r)
/()
< og/r) @ ([ roiay)
B(z,r)
1/p()
< C’r_”/p(””)(log F)Al(x) (/ f(y)p(y)dy)
B(z,r)

< CFYr@ (log F)Al(w)'

Now we have established

1

e fly)dy < C{FPO (log(e + F))M@ 41

|B<JZ,T’)| B(z,r) { }

for all » > 0 and = € G, which completes the proof. O
REMARK 2.3. Let xg denote the characteristic function of E., and let

_ arlog(log(1/]z())
log(1/]z]) -

with Dy = 2By \ By, where

p(x) =po

where pg = p(0) > 1. Consider the function f = xp
By = B(0,79) and 2By = B(0,2ry). Then note :

0
@) 11f om0 < Crrg" @ (log(1 /7))~ 4@

1 f(2) )”“) )
) ——— —— dz < Cory™ for 1o < r < 2rp;
W) 1B0,7] /B(o,ﬂ (nfnp(.),m = Gt lormy :

1 flz P(0) .
(l“) (|230| o5 Hf||<<>)D d”“") > Cyr" (log(1/ro)) OO
0 p(-),Yo

This means that the exponent A;(x) in Lemma 2.2 is best possible.
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Let po(z) = p(x)/po for 1 < py < p—_(G). Then Lemma 2.2 yields
M f(z)® < O {Mg(x)(log(e + Mg(x)))" /7 4 1}

for x € G, where g(y) = f(y)»*¥ and @, = ay/po.
Letting a > a; when a; > 0 and a = 0 when a; = 0, we set A(z) = an/p(z)>.
Then we can choose py so that a1py < a and

M f(w)"®) < C { Mg(x)(log(e + Mg(x))) A0+ 1},
which yields
{Mf(x)(0g(e + Mf(x))) 4O} < C(Mg(x) + 1),
Hence we have the following result by the continuity of maximal functions in LP°.

THEOREM 2.4. Let a > ay when a; > 0 and a = 0 when a1 = 0. Set
A(z) = an/p(x)®. If || flo¢) < 1, then

/G {Mf(z)(log(e + M f(2))) 4@V 4z < C.

When a; = 0, Theorem 2.4 was proved by Diening [3]. For the continuity of
maximal functions in general domains, see Cruz-Uribe, Fiorenza and Neugebauer

2].

REMARK 2.5. Let p(+) be a positive continuous function on G such that 1 <
p(z) < py(G) < oco. Then we can prove the following weak type result for maximal

functions: W
ply
Ewl<c [ |1V
al t

whenever ¢ > 0 and f € LPO(G), where E;(t) = {z € G : M f(x) > t}; for this see
also Cruz-Uribe, Fiorenza and Neugebauer [2, Theorem 1.8].
To prove this, we may assume that ¢ = 1. We have for u > 1

£ (y)|dy
|B(l’ T | B(z,r)

= “Qer|/xr”“ S e ML i)
((

< p((1/p)es) +F)

where F' = |B(x,r)\1/( )]f(y)|p(y)dy. Here, considering y = F~Y/®+)" when
B(x,r

F <1, we find
1< 2F1/p+’



so that N
(3) =M  oree ),
which proves the required assertion.
REMARK 2.6. For 0 <r < 1/2, let
G={r=(21,22):0< 21 <1, -1 <2y <1}

and
G(r)={z=(x1,22) : 0 < x1 <11 <9 < 21}

For a; > 0 and p(0) = py > 1, define

(z1,79) = po — a1 log(log(1/z2)) /log(1/x2) when 0 < 25 < 71,
e Po when x, < 0;

set p(z1, x2) = p(x1,79) when xo > ro. Here we take ry > 0 so small that p(xq,ry) >
1. Consider

fr(y) = Xaw) (v)
and set g. = f,/|| frllp),c. Then we insist for 0 < r <7y :

@) [frlbere < Crr®7O (log(1/r)) =4
(i) Mg, (x) > Cor= 2@ (log(1/r))® for 0 < z; < r and —r < x5 < 0.
By integration of (ii) we see that

/G { Mg, (x)(log(e + Mg,(x)) 1NV 4o > ¢,

which means that Theorem 2.4 does not hold for 0 < a < a;.

3 Riesz potentials

For 0 < a < n, we consider the Riesz potential of f € LP*)(G) defined by

Uat2) = [ fo =3l )y
e
In this section, suppose p,(G) < n/a and let

1/pf(x) = 1/p(x) — a/n.

LEMMA 3.1. Let f be a nonnegative measurable function on G with || /() < 1.
Then

/ |z — y|* " f(y)dy < C5P @) log(1/6)1@
G\B(z.5)
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for v € G and 0 < § < 1/2, where A,(z) = ayn/p(x)?* as before.

PROOF. Let f be a nonnegative measurable function on G with || f,) < 1.
For ;1 > 1 we have

/ =y )y < u( / (e = yl*" /) Dy + / f(y)”(y)dy)
G\B(z.5) G\B(z.5) G\B(z.5)
y ( / (e = "™ )P Oy + 1) |

G\B(z.5)

IN

Note here that

/ (1o = oI ) Wy
B,/ =)\ B(x,6)

/ (fo = o e gy
B(z,pu/(=m)\B(z,6)

P @) -l0) / 2 — | @) gy
G\B(x,6)

Cu—p’(ﬂﬁ)—ww)§(a—n)(p'($)+u)(5))+n

C'/pr 8) gp' (z)(a—n/p(x)) (log(1/5)) n—a)ai/(p(z)—1)

= Cu P @) 5 (@)n/pa) )(log(1/8)) =/ (e@)=1)?*

IN

IN

IA A

2

Considering p = 67 (log(1/8))*1®), we see that

/ (le — y[*™" /)P Wy < C,
Bt/ (=) Bz 6)

so that

|z — y|* " f(y)dy < C5P@ (log(1/8)) ")
G\B(x,0)

as required. O

LEMMA 3.2. Let f be a nonnegative measurable function on G with || f||.) < 1.
Then

p(Uaf (), Ay(2))'@ < C {p(Mf(x), Ay(x))"@ + 1},
where p(t,y) =t (log(e +t)) 7.

PRroOOF. For 0 < § < 1/2 we have by Lemma 3.1
Uaf(x) < C6M f(x) + C6 /) (log(1/6)) M)

Considering 6 = M f(x) @)/ (log(e+ M f(x)))™/P@ when M f(z) is large enough,
we see that

Uaf(2) < C{MF (@)@ (log(e + M f(2))) /7 41}
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Hence it follows that

p(Unf(2), Ay ()@ < C {p(M f(x), Ay (2))P@ + 1},

as required. O

REMARK 3.3. Let p and f = xp, be as in Remark 2.3. Set g = f/|| fll»¢),p0
Then note :

(i) Mg(0) < Crrg "™ (log(1/ro)) " ;

(i) Uag(0) > Cory ™" O (log(1/ro)) 1 ©

This means that the exponent A;(z) in Lemma 3.2 is best possible.

Let a > a; > 0ora=a; =0. Set A(z) = an/p(x)?. In view of Theorem 2.4
and Lemma 3.2 with a; replaced by a, we have the following result, which gives an
extension of Diening [4].

THEOREM 3.4. Letting a > a; when a; > 0 and a = 0 when a; = 0, we
set A(z) = an/p(x)?. Suppose p,(G) < n/a. If f is a nonnegative measurable
function on G with || f||,.) < 1, then

/{Uf (log(e + Un f(x))) 4@V 4 < .

4 Mean continuity

If f e LP(G) with pp > 1, then we know that

lim 5 / U f(2) — U f ()| dar = 0

r—0+ |B Xo, T

holds for all xy € G except in a set of capacity zero, where 1/ pg =1/po — a/n. If
this is true, then z is the Lebesgue point of U, f; see e.g. [1], [11], [12], [13]. To
extend this well-known fact to the case of variable exponent, we first prepare the
notion of LPU)-capacity.

Let G be a bounded open set in R™ as before. For E C G, we define the relative
(a, p(+))-capacity by

Ca,p()(E; G) = inf/ f(y)p(y)dy,
G

where the infimum is taken over all nonnegative functions f € LP()(G) such that
Unf(z) > 1 for every € E. For another Sobolev capacity, we also refer the reader
to the paper by Harjulehto-Hasto-Koskenoja-Varonen [9].
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From now on we collect fundamental properties for our capacity, following Mey-
ers [11]. Let us begin with the following result, which is proved in a way similar to
the case of constant exponent (see Meyers [11]).

LEMMA 4.1. For E C G, Copy(E; G) = 0 if and only if there exists a nonneg-
ative function f € LP")(G) such that U,f(x) = oo for every v € E.

For 0 < r <1/2, set

@) (log(1/r))*  when p(x) < n/a,
log(1/r))*@=(=a)/*)  \when p(x) = n/a and a; < (n — a)/a?,
(log(log(1/r))) o« when p(x) =n/a and a; = (n — a)/a?,
1 otherwise;

h(r;x) =

set for simplicity h(r;z) = h(ro, z) for r > 1/2.

LEMMA 4.2. Suppose p(z) < n/a and a; < (n — «a)/a?. If B(xg,r) C G and
0<r<1/2, then
Cop()(B(xo,7); G) < Ch(r;z0).

PROOF. If we consider the potential

u(z) = / 2 — gl dy,
G

then we see that C, ,)(G; G) < co. Hence we have only to treat the case 0 < r <
Ty < ]_/2
First consider the case p(zg) < n/a. Define

)= | o = 91 oo — gy
B(zo,r)\B(z0,r/2)

Then, since u(x) > C for € B(zo,r), we have

Cop()(B(xo,7); G) < C/ 2o — y| "W dy
B(zo,r)\B(z0,r/2)

c / 130 — y| @@ relzo=uD) g,
B(zo,r)\B(z0,r/2)

O—aplao) () +n
Cyn—ap(@o) (log(1/r))®e,

where w(r) = aj log(log(1/r))/log(1/r) + as/log(1/r).
Next suppose p(zo) = n/a and a; < (n — a)/a?. Consider

IN

IA A

u(z) = |z —y|* " |zo — y| “dy.

/B(zo,\/?)\B(wo )



Noting that u(z) > C'log(1/r) for z € B(xg,r), we have

Copy(B(wo,7); G) < / (|0 — y|~/(C'log(1/r)))P@dy
B(ao,v/7)\B(xo,r)
< C(log(1/r))~r) / Iz — y| @@ elzo=yD) gy
B(zo,v/7)\B(o.r)
< C(log(1/r)) ) (log(1/r))™*!
< Clog(1/r)) e nmed/ed,

Finally suppose p(zo) = n/a and a; = (n — a)/a?. Consider
ule) = [ o — 10—y~ (08(1/z0 — y1))dy
B(z0,2r0)\B(z0,r)

when 0 < r < ry. Since u(z) > Clog(log(1/r)) for x € B(xg,r), we find

Cap() (B(zo,7); G)

/ {0 — yI~*(log(1/]zo — y[)) ™" /(C'log(log(1/r))) ' dy
B(z0,2r0)\B(zo,r)

< C(log(log(1/r)) " log(log(1/r))
= C(log(log(1/r))) "

Thus the present lemma is proved. O

IN

REMARK 4.3. If p_(G) > n/a and a1 > (n — a)/a?, then Cy ) ({zo}; G) > 0
for 2o € G. In this case, if f € LPM)(Q), then U, f is shown to be continuous in G
(see [7]).

LEMMA 4.4. If f is a nonnegative measurable function on G with || f||,) < oo,
then

lim h(r;x)_l/ Fly)PWdy =0
r—0+ B(z,r)
holds for all x except in a set E C G with Cy ) (E;G) = 0.

PRroOOF. For § > 0, consider the set

Es ={x € G : limsup h(r; a:)_l/ fy)*Wdy > §}.
B(z,r)

r—0+

It suffices to show that C, ) (Es; G) = 0 only when lim, o, h(r;2) = 0 for some
(or all) .
Let 0 < e < 1/2. For each x € Es, we find 0 < r(x) < e such that

b)) [ ey > s
B(z,r(z))
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By a covering lemma, there exists a disjoint family { B; } such that B; = B(z;,r(z;))
and |J; B(x;, 5r(x;)) D Ej. Then we have

Cop()(Es;G) < Z Cop()(B(xj,5r(z5)); G)
J
e PIGCHED
J
< 5t f(y)p(y)
U; Bj
Noting that | U; B;| < C§d~1e*? for 1 < p < p_(G), we see that
Ca,p(.)(Eg; G) = O,
as required. O
Set p(r,y) = r(log(r +¢))~Y. Then for each yy > 0 we can find ¢ > 0 such that

lp(s,y) — ot y) < (s —t|,y) (3)

whenever s > 0, ¢t > 0 and 0 <y < y,.
We are now ready to give mean continuity of Riesz potentials, which give an
extension of Meyers [12] and Harjulehto-Hésto [8].

THEOREM 4.5. Letting a > a; when a; > 0 and a = 0 when a; = 0, we set
A(z) = an/p(x)?. Suppose p,(G) < n/a. Let f be a nonnegative measurable
function on G with || f||,.) < 1. Consider the sets

E={reG:U,f(x) =0}

and

E(a) = {zx € G : limsup k(r;x)_l/ fy)PWdy > 0},
B(z,r)

r—0+

where k(r;z) = r”_ap(x)(log(l/r)) 2@ Ifzo € G\ (EU E(a)), then

r—0+ \B X, T

o ] / P(|Unf(x) = Unf (o), A())” @dz = 0.

PROOF. Suppose U, f(xy) < oo and

lim k(r;xo)_l/ f(y)p(y)dy =0.
B(zo,r)

r—0+

Write

Unf(z) = 2 — [ f(y)dy + / 1 — 5 f(y)dy

B(zo,2|z—x0]) G\ B(z0,2|z—x0|)
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By Lebesgue’s dominated convergence theorem, we see that

lim Us(z) = Uy f(z0) < 0.
T—T0

Hence, in view of (3), we have only to show that

li - p @) =0,
TL%L ‘B Zo, T ‘ / B(zo,r) |u | !

where u, (z) = Uafy (1) (08(Uafy (1) + €)1 with f, = fXpenn.
We apply Theorem 3.4 with f = f, /|| f;|l,¢.) to obtain

L (T @) o8 @ )+~ ) e <

where A(z) = an/p(z)? for a; < @ < a when a; > 0 and A(z) = 0 when a; = 0.
Hence, since p*(x) > pf = np./(n — ap,) with p, = p_(B(xg,7)), we see that

[ (U @)og(Uatifa) + ) A0} ds
B(zo,r)

i

< O{||fr||p<-)(IOg(HfTH;(})+C>)A(x0)}p*

Further, since Hfr\lﬁz.) < /( )f(y)p(y)dy = F(r), p* = pr(B(xo,7)), we find
B(xg,r

/ “r(x)pﬁ(z)dx < CF(T)pg‘/p*(log(F<r)*1/P*_i_c)p’iA(mo)‘
B(zo,r)

If we set e(r) = k(r;zo) / f(y)*®dy, then we establish
B(zo,r)

1

=y w (@) @de < Cr(k(r; 0)e(r)PP" (log (k(r; 20)e (r)) ~1)PrA@)
|B(x07 T)| B(zo,r)
< Ce(r)P 7" log(1/e(r))PiAw),

because T(n—ap(mo))pﬁ/p* S C’T(n_ap(mo))pﬁ(3[70)/p(mo)(log(l//’“))A(mo)pu (z0) for Smau r. Thls
shows that the left hand side tends to zero as r — 0+, and thus the proof is
completed. O

The case a; = 0 is simple and can be stated in the following (see Harjulehto-
Hésto [8]).

COROLLARY 4.6. Suppose a; = 0 and p;(G) < n/a. Let f be a nonnegative
measurable function on G with || f||,) < 1. Then

lim |/ Uof (2) — Unf ()" @da = 0
(zo,T)

r—0+ |B Zo,T

for all o € G except in a set E with C,, ,\(E; G) = 0.

12



References

1]

2]

[12]

[13]

[14]

D. R. Adams and L. I. Hedberg, Function spaces and potential theory,
Springer, 1996.

D. Cruz-Uribe, A. Fiorenza and C. J. Neugebauer, The maximal function on
variable L spaces, Ann. Acad. Sci. Fenn. Ser. Math. 28 (2003), 223-238.

L. Diening, Maximal functions on generalized LP() spaces, Math. Inequal.
Appl. 7(2) (2004), 245-253.

L. Diening, Riesz potentials and Sobolev embeddings on generalized Lebesgue
and Sobolev spaces LP) and W*P() Math. Nachr. 263(1) (2004), 31-43.

D. E. Edmunds and J. Rékosnfk, Sobolev embedding with variable exponent,
IT, Math. Nachr. 246-247 (2002), 53-67.

N. Fusco, P. L. Lions and C. Sbordone, Sobolev embedding theorems in bor-
derline cases, Proc. Amer. Math. Soc. 124 (1996), 561-565.

T. Futamura and Y. Mizuta, Continuity properties of Riesz potentials for
functions in LP() of variable exponent, to appear in Math. Inequal. Appl.

P. Harjulehto and P. Hasto, Lebesgue points in variable exponent spaces,
Reports of the Department of Mathematics, No. 364, University of Helsinki.

P. Harjulehto P. Hasto, M. Koskenoja and S. Varonen, Sobolev capacity on
the space W()(R™), J. Funct. Spaces Appl. 1(1) (2003), 17-33.

0. Kovacik and J. Rakosnik, On spaces LP(® and WHP@) (zechoslovak Math.
J. 41 (1991), 592-618.

N. G. Meyers, A theory of capacities for potentials in Lebesgue classes, Math.
Scand. 8 (1970), 255-292.

N. G. Meyers, Taylor expansion of Bessel potentials, Indiana Univ. Math. J.
23 (1973/74), 1043-1049.

Y. Mizuta, Potential theory in Euclidean spaces, Gakkotosho, Tokyo, 1996.

Y. Mizuta and T. Shimomura, Exponential integrability for Riesz potentials
of functions in Orlicz classes, Hiroshima Math. J. 28 (1998), 355-371.

W. Orlicz, Uber konjugierte Exponentenfolgen, Studia Math. 3 (1931), 200
211.

M. RﬁZiéka, Electrorheological fluids : modeling and Mathematical theory,
Lecture Notes in Math. 1748, Springer, 2000.

13



Department of Mathematics
Daido Institute of Technology
Nagoya 457-8530, Japan
E-mail address: futamura@daido-it.ac.jp
and
The Division of Mathematical and Information Sciences
Faculty of Integrated Arts and Sciences
Hiroshima University
Higashi- Hiroshima 739-8521, Japan
E-mail : mizuta@mis.hiroshima-u.ac.jp
and
Department of Mathematics
Graduate School of Education
Hiroshima University
Higashi- Hiroshima 759-8524, Japan

E-mail : tshimo@hiroshima-u.ac.jp

14



